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Abstract

The aim of this paper is to present a numerical study of multiple optimal stopping problems,
which arise in many applications (e.g., the optimal liquidation of a portfolio). Due to the
possibly high dimensional nature of these problems, our approach relies on a combination of a
neural network approximation of the value function and the dynamic programming principle.
We analyze the convergence of the algorithm and present some numerical applications.

1 Introduction

Optimal stopping problems consist in choosing the best time to stop a stochastic process, in order
to optimize a certain payoff that can be written as a function of this process at the chosen time.
The decision must be non-anticipative, which implies that the time must be picked in the set of
stopping times corresponding to the filtration generated by the reward process.

It is well known that the (first) optimal stopping time can be determined as the first time the reward
processes reaches its so-called Snell envelope, defined as the smallest supermartingale larger than
the reward process (see e.g. Shiryaev [16] or Karatzas and Shreve [10] for a general overview of the
theory of optimal stopping). This can be seen as a consequence of the dynamic programming prin-
ciple, which provides an algorithm approach to solve numerically optimal stopping problems. We
may mention the celebrated Longstaff-Schwarz method [13], which consists in a recursive sequence
of least square regressions to compute the price of American options, and also the stochastic mesh
approach by Broadie and Glasserman [2], also in the context in American options. More recently,
Becker, Cheridito, and Jentzen [1] proposed an approach combining dynamic programming and an
approximation of the optimal stopping rule by a neural network. We also refer the interested reader
to [14; 15; 20; 4; 6] for more numerical methods to solve stopping problems.

In the present paper, we are interested in numerically solving the multiple optimal stopping prob-
lem, in which one has the possibility to stop multiple stochastic processes by assigning each of them
a stopping time that might be different from the others. Such problems have been introduced in a
general continuous-time framework by Kobylanski, Quenez, and Rouy-Mironescu [11], who proved
it can be reduced to a recursive sequence of single-agent optimal stopping problems with random
horizon. An asymptotic version of this problem has been studied in [17; 18; 19]. We also refer to
Carmona and Touzi [3] for the study of a special multipe stopping problem in the context of swing
options, and to Grigorova, Quenez, and Yuan [5] for an extension of [11] to a class of nonlinear
expectations.
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The literature is very limited when it comes to the numerical analysis of such problems. We may
only refer to Han and Li [8], who extend the approach of [1] to multiple stopping problems arising in
option pricing problems. In our contribution, we define the multiple stopping problem in a general
discrete framework. After deriving a dynamic programming principle, we establish a backwards
algorithm enabling the computation of the value function, which merely consists in maximizing at
every time step a family of conditional expectations. It is well known that conditional expectations
can be efficiently approximated with neural networks (see e.g. Gyorfi, Kohler, Krzyzak, and Walk [7,
Chapter 11]). Here, our key idea consists in parametrizing all the family of conditional expectations
by a single neural network, thanks to the addition of an extra-variable encapsulating the state of
all the coordinates of the reward process, i.e. wether they are stopped or not. The approximated
value function is then defined as the maximum of the neural network taken on this extra-argument,
and the approximated optimal stopping policy as the argument reaching this maximum. Having in
mind high dimensional multiple stopping (although the optimized algorithm for the study of the
mean field problem is left for further research), we also propose an alternative algorithm with a
reduced computation cost. We prove the convergence of both algorithms (in the spirit of Huré,
Pham, Bachouch, and Langrené [9].

The paper is organized as follows. In Section 2, we define the problem and derive the dynamic
programming principle. Section 3 contains the convergence results along with their proofs. In
Section 4, we analyze the convergence error when the discrete-time process corresponds to the Euler
scheme of a diffusion process, and illustrate this study with some numerical examples. Finally, the
Appendix A contains numerical results.

2 The general discrete time setting

We consider a discrete time interacting particle system where each particle’s dynamics are influenced
by the other particles’ states, until it stops. Let p € N* and (Q2, F,P) be a probability space endowed
with a filtration F := {F,,} (nepp)y, with F, = F. We denote by 7T, the set of [p]-valued F-stopping
times, and by 7;N the set of N-tuples of elements of 7,,.

Let {en}{nepp)} De a sequence of i.i.d. random variables such that e, is independent of J;, for
alln € [p—1]. Given 7 := (7},...,7V) ¢ 7;3N, we denote by I := (I',...,I"V) the corresponding
vector of survival processes, defined by I¥ := 1, .« for all n € [p] and k € [N]*. We then consider
the dynamics: a

X1 := Xn + Fu(Xn,eni1) g1, Xo€RY, (2.1)

where F : RY x R — RV and the above product is understood as a Hadamard product.

2.1 The original problem

Let g : RV — R be the reward function, and ¢ : [p] x RY x {0,1}" x {0,1}* — R, be a transaction
cost function which is 0 is not particle is stopped, i.e.,

cn(z,4,4) =0 for all (n,z,1) € [p] x RY x {0,1}".

The multiple optimal stopping problem consists in solving the following maximization problem:

N-1 N-1

Vo= sup B[ Y en(Xn, In, Lost) + 9(Xh, -, X2)| = sup B[ 3 (X, Lo, Lja) + 9(X,)] (2.2)
TETY n—0 TETH n—=0



where the second equality comes from the fact that X is the vector of stopped processes, i.e.,
X fk = X;f for all k € [N]*. This class of problems may be analyzed using the dynamic programming
approach. For that, introduce the dynamic value function:

p—1
Vi(®,i) == sup E| > cp(Xp, I, Tisn) + 9(X,)| X = 2, I, = i) (2.3)

T€7I{YP k=n

where 7;5\; denotes the set of {n,...,p}-valued N-tuples of F-stopping times. Based on the works
of Kobylanski, Quenez, and Rouy-Mironescu [11] and Talbi, Touzi, and Zhang [19], we have:

Proposition 2.1. Assume the functions ¢ and g are continuous. Then:
(i) For all (x,i) € RY x {0,1}", we have:

Vn(m, ’L) = ) max o E[CH(XTH In, In+1) + Vn+1(Xn+1, In+1)‘Xn =@, In = ’I,]
{i'€{0,1}N s.1. i/<i}
- max Elcn(x,2,2) + Vosi(x + Fo(z,en41)7, 7)),

{i'e{0,1}N s.1. i’<i}

where the inequality 1" < 1 is understood coordinate wise.
(ii) There exists an optimal stopping strategy T* € ’7;5\; for (2.2).

Proof. To prove (i), let us introduce the set IV of F-predictable, decreasing, {0, 1}"-valued processes
such that Iy = 1. It is clear that 7;,N and IV are in bijection. Indeed, to each 7 = (71,... TN )
we can associate I = (I',...,IV) by setting I¥ := ly<;, =1 -1, 1>, for k € [N]. Since 7 is
a stopping time, it is clear that I*, and therefore I is predictable. Conversely, given I € IV, we
define the corresponding stopping times by setting 75 := min{n > 0: Iffﬂ =0} Ap.
Now, let AN be the set of F-adapted processes taking values in {0, 1}N . Then IV is in bijection
with AN. Indeed, given I,, = (1n<r,...,1ln<s,), we have, by setting of = {r, = n}, k € [p],
Iﬁ = H;L;ll aé’?. Therefore, the multiple stopping problem (2.3) may be rewritten as a standard
control problem on A. Since ¢ is continuous, the dynamic programming principle for this problem
writes:
Vn(x7i> = sup E[Cn(waivIn—&-l) + Vn+1(Xn+laIn+1)]7
ac{0,1}V
where X, 11 = ¢ + Fy(x,en41) 41 and I, 11 = ia. The desired result is obtained by observing
that:
{ia:a € {0,1}"V} = {i' € {0, 1}V : ¢ < i},

and that this set is finite, and therefore the supremum is a maximum.
To prove (ii), we construct recursively the process I'* defined by

I, =4 and I, € argmax, <« Blen (2, 4,4) + Vi1 (Xoms1, )]

T* is then the N-tuple of stopping times associated to the N-tuple of survival processes I*. |

Intuitively, Proposition 2.1 means that the multiple optimal stopping problem can be reduced to a
recursive sequence of standard stopping problems: at each time n, one decides which agents will be
stopped. This decision is encapsulated in the vector 4: if 7). = 0, then the k-th agent is stopped;
otherwise, they continue. Note that, at every time n, given a state vector i € {0, 1}N , one has
to examine all the combinations of 7 < 2 to decide which particles should be stopped. As it will
be seen in Section 3, this could induce a computational cost with exponential growth in N. We
therefore examine an alternative multiple stopping problem which considerably reduces this cost.



2.2 The alternative problem

Introduce the following set of N-tuples of stopping times, in which two elements of the tuple cannot
be equal unless they are equal to the terminal time:

EN::{T:(Tl,...,TN)E%N:Tk:ném:p forallk;él}.

We then define the alternative multiple optimal stopping problem:

N-1 N—
Vo= sup B[ > (X, I Lnst) + g(Xh, ..., XN)] = sup E[Z (X Ty 1) + 9(X,)] (2.4)
TET n=0 TGTp n=

In this problem, at each time n € [p — 1], one can only stop (at most) one particle. Similarly to the
original problem, we introduce a dynamical version of the value function in (2.4):

N-—1
V(i) == sup E[ 3" (X Iy Tp) + 9(Xp)| X = 2, I, = z} (2.5)

where 72]\; denotes the set of {n, ..., p}-valued N-tuples of 7~;N . We then have the following dynamic
programming principle:

Proposition 2.2. Assume g is continuous. Then:
(i) For every (x,1) € RY x {0,1}", we have:

Vn(.’E, ’L) = sup E[cn(a}, iv iie) + vn-i—l(w + Fn(w7 5n+1)’i787 ii@)}.
Le[N]

(ii) There exists an optimal stopping strateqy T* € ’7;5\; for the problem (2.5).

Proof. The proof follows the same path as the proot of Proposition 2.1, replacing AV with the set
AN of F-adapted processes taking their values in {1 — e, : £ € [N]}. [ ]

According to Proposition 2.2, at every step n, we have to choose which particle to stop (if any).
Then, it boils down to choose an index ¢ € [N], with ¢ = 0 standing for the case where we do not
stop any particle. Compared with the original problem, we then trade a possible exponential cost
in NV with a linear cost of V. However, this cost reduction comes up with an additional error due to
the fact that in the new problem, we cannot stop several particles at once. In Section 4, we analyze
this error in the context of discretized diffusion processes.

3 Main results

3.1 The original algorithm

The first algorithm is based on Proposition 2.1, and approximates directly the original problem 2.2.
The idea is the following: assuming the function V41 has been appropriately approximated at time
n + 1, we compute the function V,, in two steps:

1. First, we approximate the function U, : (x,i) — E[V,(z + F,(x,en11)i,t)]. For this, we
approximate U, with a dense neural network, and we use the classical least squares character-
ization of the conditional expectation joint with a Monte Carlo approach, for which we need

M simulations {(Xnm) IT(L ™) n+1)}{1<m<M} according to a distribution v = pux ® pur ® pe,

that we assume to be 1ndependent from the time n for simplicity.



2. Then, given i € {0,1}¥, the function V;,(-,) is defined as:

Vo(-,1) = max ¢, (x,¢,4) + Up(x, 7).

/<1

In what follow, we denote by &y := {(Xém),fém),agﬁ)l) :1<m < M,0<n<p-—1} the total set
of simulations, and by U™ and V¥ the neural network approximations of the functions U,, and
V.

Algorithm 1.
1. Initialization: V;M =g.
2. Forne[p—1]:

(a) Approximate the conditional expectation function (x,%) — E[V,41(Xpn11,2)| X, = 2] =
E[Vn_;_l(w + Fn(ZU, €n+1)’1:, l)} :

U ¢ argmin Z |(XS™, I) = V& (X, + F, (X, )i | 1im) ),

n n

(b) Compute V,, as the increasing envelope of U, with respect to 2, as well as an optimal
strategy at time n:

17430 x,1) = ma, cn(x, 1,7 + Ui x, 7). 3.1
n ( ) i/E{O,l}i[(:i/Si n( ) n ( ) ( )

ISV (z,4) € argmax  cy(x,4,4') + USM (,4). (3.2)
i/€{0,1}V:4/ <3

(c) Given an initial condition (Xg, Io) := (x,4), compute the optimal stopping policy I¢M
with:
Igﬁﬁ = IEA—(-II(XTH ISM)v Xn+1 =X + Fn(XmEnJrl)IiAfl-

An important drawback of Algorithm 1 is that (3.1) can be very costly, as we have:
Card({#' € {0,1}V : ¢’ <4}) = 2lth,
Computing the maximum on this set therefore implies a complexity of order @(2"). This motivates
us to introduce an alternative algorithm.
3.2 The alternative algorithm

The second algorithm is based on Proposition 2.2, and approximates directly the alternative problem
(2.4), and indirectly the original problem (2.2), see Proposition ??. The idea is the following:

1. First, we approximate the function U, : (x,3) — E[V,(z + F,(2,£,+1)t,¢)] similarly to the
previous algorithm.

2. Then, given i € {0,1}¥ the function V;,(,) is defined as:

Vo(-,2) = ?elﬁ\}ﬁ cn(x,1,4(1 —ep)) + Un(x,i(1 — ep)).



Algorithm 2.
1. Initialization: V;M =g.
2. Fornep—1]:

(a) Approximate the conditional expectation function (x,%) — E[V,41(Xp11,2)| X, = 2] =
E[Vpt1(x + Fo(x, en41)1, z)} :

(b) Compute V, as the increasing envelope of U, with respect to :

Vf”f(a:,i) = ;2% cn(x,1,4(1 —ep)) + ﬁﬁM(w,i(l —ey)).

Iflﬁfl(:n, i) = (1 — epeps(54)), With (M (x,i) € argmax  c(x,i,4) + UM (x, 7).
' €{0,1}N 4/ <i
(c) Given an initial condition (Xg, Io) := (x,4), compute the optimal stopping policy I¢M
with:
IﬁMl = Ileﬁl(Xm In )v Xnt1 = Xpn + Fn(Xnvgn-i-l)Inqul

3.3 The convergence results

In order to analyze the convergence of the algorithms, we shall restrict the neural networks to the
following class of functions:

Ky
NM = {f : ]RN X RKM(2+N)+1 > (213,9) — ZO[]‘U(,BJ' - T +’}/j) + ag, with 0 := (Oéj,ﬂj,’}/j)j},
j=1

where o : R — R is some activation function, and {K}ar>0 is such that

K
(5MZ—WM—>03,SM—>OO

We shall also use the following notation: given to sequences of variables Y3; and Zy;, M > 0, we say
that Yy = Op(Zr) if there exists a constant C' > 0 such that P(|Ya| < C|Zp|) — 0 as M — .
Since we mostly use neural networks to approximate conditional expectations, we also recall the
following result from Kohler [12, Corollary 1], which will be useful to analyze the convergence of
algorithm in the sense of Op:

Lemma 3.1. Let (X;,Y:)1<i<m be a sequence of i.i.d. R x R-valued random variables. Introduce
the measurable functions:

M
u(e) =EMi|X: =], s € argmin 3 |6(X:) - Vil
PENM =1

We assume that there exists two positive constants o, A such that:

Elesn (L7200 o) <

Then we have:

EHMM(Xl) - M(X1)ﬁ = OP(5M -l-d)él}\; { H¢ (X1) — (Xl)ﬁ })



Before stating the main result, introduce the metric used to measure the error: for f : RN x
{0,1}Y — R, we denote:

it = g 0]

where P o X, L= 1 and &) is the set of all simulations used to train the neural network.

Assumption 3.2. Assume that P o X' = u. Then, for all i € {0,1}", the random variable
X1 = Xy + Fo(Xn,ent1)t admits a bounded density with respect to p conditionally on X,
denoted & +— hy(x; X, 1).

Theorem 3.3. Let Assumption 3.2 hold.
(i) Let V&M be the function resulting from Algorithm 1. Then we have, as M — oco:

V5% = Vol[§4.= Op (63 + sup inf 6= Url5,),

n<k<p $NM

for some dpr — 0 as M — oo.
(ii) Let V&M be the function resulting from Algorithm 2. Then we have, as M — oo:

VEM _ VoI5 = Op(8pa + su
H 0 0”2, IP>( M n<kl<)p¢’€ N )

for some dpr — 0 as M — oo.

Proof. We only write the proof of (i), as (ii) proceeds exactly from the same arguments. For n € [p],
introduce the following functions:

Un(z,i) = E[Vigi(x+ Fo(x,en41)i,1)],
(_]SM (x,3) = [ij‘fl (x + Fo(x, ent1)i,1)],

for all (z,4) € RY x {0,1}"V. Then we have, by definition of Algorithm 1 and Proposition 2.1:

(V82— Vol$2 < B[ max | max 05" (X, 4') - max Un(X,,8) ¢ }1/2
max |max ny max Up|An,
n 200 = E{OI}N i<i i<i M

< 1107 = Unl5s
< NORY = UM IEEHITR = Unli§i
Now, introduce the set:
At = {05 — O3 152.< Ca(ar + inf (16~ TS ) }.
where §); — 0 and C,, is such that P(AM) — 1 as M — oo, see Lemma 3.1. On this set, we have:
[V = Val$he < Calsar+ ing [l = U IS) + |05 = U5

i — M _ Em
< cn(6M+¢éanMu¢ Unllooo) + (L4 C) [T~ Unlflhe - (33)

Now, observe that:

) ) ' . 1/2
I~ Unl§%, < B[ e 1BV (Ko, )Xo €0r] = B[V (Xi1,0)1 X 0] ]

< B[] e, IV (Xoi1.) = Vora (Ko 1 o]



with X,,+1 = X, + Fi,(Xn, ent1)t. Now, using Assumption 3.2, we obtain:

|Ué — U, ||gM <E[/ max |{75M1($,i) - Vn+1($,i)|2hn($;Xnai)u(dm)|£M:|1/2
n o0 — RN ’I:G{O,l}N n+

Enr -\ |2 1/2
<IHlE[ [, max V52 @.6) ~ Vi (2, lda) ]
=[|Pllooll Vit = Vi[5
Plugging this into (3.3), we have on AM:
VM — V154, <Cr (O + inf |l¢ — U, + (14 C)l[AlloolVEM — Vg |15
1% | M inf |¢ nll2,00 )P lloo n+1 n+1||2,oo
PEN M

. OréM
< —
_0(5M+032p¢%||¢ Ukllzeo) + (L4 OBl [Vt = Vi 5%

with €' := max,¢p,] Cn. Then, by induction, we have on n— OAM using the fact that Vf,M =g

VEM — Vol I§ < C(1 + C)P| k|2 (dar + inf [|¢ — Ugll2.00)-
IV = Vol C(L+ Ol (ar + sup inf 6 = Uila.co)

We conclude the proof by observing that P[(N?_g AM)] < 3P _ P[(AM)¢] = 0 as M — oo. [ |

Theorem 3.4. (i) Let I¢™ the stopping strategy provided by Algorithm 1, and denote for n € [p]:

p—1
JEM = IE[ > enl( X, Xar, I + 9(X,)],
k=n

where the dynamics of X is controlled by I™. Then we have:

1T§Y = Voll§%, = Op(0ar + sup  inf [[¢ — Ugll2,00),
0<k<p PENM

with dpr — 0 as M — oo.
(ii) Let I¢M the stopping strategy provided by Algorithm 2, and define J5M as above. Then we
have:
1§ = VoI5, = Op(dnr + sup inf ||¢ — Ukll2,00),
> 0<k<p PENM

with dpy — 0 as M — oo.

Proof. For simplicity, we write the proof for ¢ = 0. We only detail the argument for (i), as (ii) is
proved in the very same way. First, observe that:

D= 9 = Vall§he < IV = Va5, + IV — 5 5. (3.4

Yet, we have:

N ] 2 1/2
VM (Xny3) = I (X, 0)| 6]

Vém — v — Rl max
Ve = TV = B max

N 2 1/2
_ 3 EM 3
B[ max [T (X, Ti22) = B[ (X, L) 1% |l

N _ _ 2 1/2
<R = T8 + B[ max [T (X, Ti2) = B[ T2 (X, ) 1 X6



N _ 2 1/2
<R = TV + B[ max [T (X, Ti) = B Vs (X, 01 X €]

+E[ max [B[Vioa (X, T X0] = BT (X1, L)1) Plea] "

ré rréar 11EM réM Emr 1373 2 1/2
<NURM = UM |15%5 + E[ier{rgiﬁNEHVnH(XnH, ) — Vi (X, In+1)\ \Xn} Ié‘M]

E BV, (X,q, IS — J™M (X X V2

+E[ max B |Vioa (X, T) = T (Ko, Ty )| 1%, iew]

<|T5 = U155 + Illool Vi = VarallS + Illool Vaer = JRYA 115

2,007
where we used Assumption 3.2 as in the proof of Theorem 3.3. Plugging this into (3.4), we obtain:
Ap < |[VEM = VoI5 + 1T = TEM (152 + [Bllool Vit = Vasr 1525 + [1llooBnst1,

from which we deduce the desired result from Theorem 3.3, Lemma 3.1 and the fact that A, = 0.
|

4 Application to diffusion processes

Our objective is to numerically compute the value function of the multiple optimal stopping problem
for a N-dimensional stopped diffusion, as defined in Talbi, Touzi & Zhang []. More precisely, we
are interested in the following problem:

Vo = sup IE[ Z cs(Xs) - Is—)*‘g(XT)} (4.1)
TET 0<s<T

= sup E[Zcm ) +g XTll,...,XgV)].

TETN
where ﬁéVT] denotes the set of [0, T]-valued N-tuples of stopping times and X := (X!,..., X N ) is
the system of interacting stopped diffusions:
AXF = IF (b (t, Xy )dt + ox(t, X )dWE + oo (t, X3)dW)) (4.2)
for all k € [N] := {1,...,N}, with I} := 1., and where the standard Brownian motions
WO ..., WY are independent. The following assumption will be in force throughout this Section:

Assumption 4.1. For ¢ € {fy,0k,00,¢,9},k € [N], ¢, there exists a nonnegative constant C > 0
and 5 € (0,1] such that:

‘(rb(tu SL’) - ¢(t,$/)| S C|£L' - xl|’
6(t, ) — ¢(s,z)| < C|t — 5|,

for all (t,s) € [0,T)? and (z,x') x RV x RV,

4.1 Discrete-time approximation

Let m := {to,...,tp} be a partition of [0,T], with p € N*. For simplicity, we assume that all the
subintervals have the same size, i.e., tx = k% for all k € [p]. In what follows, we shall denote by

h = % the step of the partition 7. In this paragraph, we denote by 7, the set of m-valued stopping



times, and by 7;,N the set of N-tuples of m-valued stopping times. We then introduce the discrete
time multiple optimal stopping problem:

N
Vi = sup B[ Y ek (XD)+g(XK",. . XN, (4.3)

with X" = (Xl’h, . ,XN’h) denotes the Euler scheme of X for the partition m, that is:
t t
X =y +/0 I ()1 nbr (B (), X [h () ) ds +/0 Loy enok(t7(s), X o)) AW (4.4)
t
+/0 L5y 11n00(P (), X o ) ) AW

for all k € [N] and t € [0,T], with t,(s) is the largest ¢ € = such that ¢’ < s. This dynamics
correspond to the general dynamics (2.1) with:

b (1)

l(na 93) 01 (n7 w)€n+1 k

Fo(x,ent1) = h + , and 51(1+)1 = Wt]i+1 _Wt]i for all k € [N].
by(n, x) on(n, m)efﬁ)l

In the following Lemma (whose proof is relegated to the appendix), we estimate the error between
X and its Euler scheme, for stopping times taking their values in the discrete set {tg,...,tp}:

Lemma 4.2. Let Assumption 4.1 hold. For all T € 7;N, we have:

sup IE[ sup | X —Xfﬂ < CpnhPM,
TETHN ~te[0,T]

where the constant Cr n only depends on T and N.
This estimate implies the following estimate between the two value functions:

Proposition 4.3. Let Assumption 4.1 hold. Then we have:
Vo — Vil < Con kM2,
where the constant Ct,n only depends on T and N.

Proof. Introduce the value function of the optimal stopping problem of X on the set of m-valued
stopping times:

N
VP = sup E[chﬁk(XTk) —i—g(XTll,...,XgV)}.
7-67;1\’ k—1
We have:
Vo = Vo'l < [Vo = V&I + IV = Vil

Assumption 4.1 and Lemma 4.2 imply that:
’V()p _ Voh| < Chﬁ/\l/Q.

for some constant C' > 0. The inequality VI < Vj is clear, as it simply comes from the fact that
7;,N C ﬁé\fT]. Now, for € > 0, let 7° € ﬁé\’fT] be an e-optimal policy for the problem (4.1). We then
define 7¢ = (77, ...,7;) as follows: for each k € [p], 7 is the smallest t,, € 7 such that 77 < ¢p,.
Since {77 <t} = {75 € (tm-1,tm|} € Ft,,, T is a stopping time for the filtration F?, and therefore

10



T € 7;,N . Then, by Assumption 4.1 and the fact that g is Lipschitz-continuous, Lemma A.2 and
the fact that 7 € 7;N, we have:

N N
Vo <E[ 3 ok (Xre) + g(XE, - XE )| 42 SE[ Y che(Xne) + g(X, ., XE)| + OrnhM/2 46
k=1

Svoh + CT’]\[h’B/\l/2 +e.
We conclude by arbitrariness of € > 0, and remarking that we typically have h < 1. |
Remark 4.4. If g only depends on the empirical measure of X, one can show that the constant
C(N,T) in fact does not depend on N.

4.2 Error for the alternative problem

In this paragraph, we consider the alternative problem

N
Vi = sup B[ ek (X2)+ (X5, XXM, (4.5)
TETN k=1

where agents may only be stopped one by one. As it is more challenging to compare f/oh to Vp
directly, we start by comparing Voh to Voh:

Proposition 4.5. Let Assumption 4.1 hold. Then we have, for some constant Ct n depending on
T and N only:
‘/Oh _ CNhB/\l/Q < ‘7077, < VDh-

Proof. The inequality ‘N/Oh < Voh is clear, since 7~;N - 7;N . For the other inequality, consider an
optimal strategy 7* = (7,...,7x) for (4.3), whose existence is granted by Proposition 2.1, that is:

N
Ve =E[ Y en (X7 + (X7,
k=1

where (X*" I*) denotes the process (4.4) controlled by 7*. By Lemma A.1, we may construct a
strategy 7 = (71,...,7n) € 7;N such that

|7 — 7| < Nh, as.,

and we denote by X" the Euler scheme controlled by #. By Assumption 4.1, we have the estimates:

N N
h,x * ~ h,* v h,* v v v
Vet <E|L( YO0+ XD — 7l + | X0 = XL |+ X5 = XP) + D en (XD + g(X7)]
k=1

k=1
<r((1+ sug]EUXZZ*H)hﬁ + Cp nE[lm = 7)) + T
ne

SCT,Nh'B/\l/2 + ‘N/()ha

where we used Lemma A.3 for the second inequality. |

Combining Propositions 4.3 and 4.5, we immediately deduce the following result:

Proposition 4.6. Let Assumption 4.1 hold. Then we have:
Vo — V| < O nhPM2,

where the constant Ct,n only depends on T and N.
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Figure 1: Multi American Put

4.3 Numerical implementation

Multipe American Put. We first test our algorithms on the following problem, which corre-

sponds to the price of a basket of many American Puts, defined for all ® = (x1,...,xx) € Rf
by:
N .
Vo(x) := sup E[Z (Kj — Sﬁj)_i_},
€Ty =1

where and K; > 0, S/ = zexp ([uj — 0?-/2]75 + o;W}), j € [N], with W' ..., W" independent
Brownian motions. Denoting S7" the Euler scheme of S7, we also introduce:

Vi'(x) = Tsel;PNE[Z — 57 }

Our objective is to compute VJ* through our deep learning algorithm and to compare to Vp, which
can be easily approximated by finite difference once we observe that Vy(x) = Z] 1 VO (x), with:

Vi(e) = sup E[(K;—58),],
TeTN
[0,T]

which corresponds to a single-agent optimal stopping problem.

On Figure 1, we compare the prices of the multiple American Put (N = 3) respectively given by
our neural network and by finite differences. More precisely, we draw the “diagonal function”, that
is, x — Vo(z,...,x).

A nonlinear example. The following example is a sannity check to verify that our algorithms
also works for “non-separable" utilities and to visualize the impact of the extra error added by

12
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Figure 2: Multi American Put

Algorithm 2. We define:

N
1 A
Vo(z) := sup E[log (1 + N Z Sﬁjﬂ,
TETO 7] j=1
where the processes S',..., SN are defined as the in previous example, with the extra condition

that p; <0 for all j € [N]. We also introduce:

| N
Vi(z) := sup E[log( NZS] h)}

TeTN

Note that V can be computed explicitely, as by Jensen inequality:

1Y 1Y
Wl(z) < Tes}rlél\)’ﬂ log (E{l%— N;STJD <log (1+ N]Z:lxj),

coming from the fact that the processes {57} je[n) are supermartingales under the condition p; < 0.
Since the above upper bound is reached for 7; = 0 for all j € [N], we conclude that Vp(x) =

log (1 + % Zé\f:l a:j). We may proceed the same way with Voh, and we have in fact V = Voh. The
goal of this example is then to visualize the error due to Algorithm 2, and we therefore introduce:

Vi'(@) == sup E|log (1+ % ivj si1)].
=1

T€7;N

Figure 2, compares the actual value function and Vp, also on the diagonal & = (z,...,z) and for
N =3.
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A Technical results
Lemma A.1. Let 7 = (71,...,7n) € ’7;N. There exists T € 7~;N such that |7 — T|eo < NA.

Proof. Recall the following notation: If = 1;,<,, for k € [N] and t € {t1,...,t,}. For every time
tn, we introduce a set J;,, which can be interpreted as the set of indices left to stop at time t,.
At every time, only the smallest element of the set, that is, min J;, , is stopped. More precisely, we
define the set-valued random sequence (Jz, )nefp) as follows:

Jio = {k € [N]: If, — I, =1},
and, for n € [p — 1]%,
Top = (T Mmin T, ) U (k€ [N): 25— IE . =1},
We also set J, = (). Then, for all k € [N], we introduce:
Tr = min{t, > 0: minJ;, = k} A t,. (A.1)

We now verify that ¥ := {71,...,7n} satisfies the desired properties.

First, since I¥ is a predictable process, by induction we see that the set-valued process t — J; is
adapted to filtration FY. By (A.1), it is then clear that 7 is a F¥-stopping time. Moreover, for
l # k and n € [p — 1], we have:

P p—1
(m=at=UA=m=td=(Uk=mind, =1}) U{f=7=1,)
n=0 n=0
={Tk = 71 = tp},

which implies that 7 € 7;,N . Finally, we estimate |1, — 7|. Observe that:
T, = min{t, > to: k € Jp, } Ntp.
Note that we also have:
T =min{t, > to: k€ T, and k & T\ } A,
from which we deduce that:
|7k — 7| = {n € [p] : k € T, }|A. (A.2)

Now, observe that if J;, is nonempty, then at every time m > n, we keep removing one index from
Jt,,, until it is empty, although new indices may be added. However, no index k € [N] can return
to J after exiting it. Therefore, since there is at most N indices to through 7, we have, P-almost
surely:

Jt, #0 = T(tn+NAAL, = 0.
This implies that |{n € [p| : k € T, }| < N, and by (A.2) we conclude the proof. [ |

Proof of Lemma 4.2 Without loss of generality, we assume that o9 = 0. Fix 7 € 7;,N . For all
k € [N] and t € [0,T], we have:

t t
E[sup|X} — X}"] <2E {T/O bk (5, Xs) = bi(tp(5), X[ ()P ds +/0 |ok(s, Xs) — O'k(tp(s)»Xi(s))FdS}

u<t

14



§2E[/Ot (T[br(tp (), Xy (5)) — br(tp(), X[ ()P + |0 (to(s), X, 5) — on(tp(s), XZ,@)IQ)dS}
- 21&[/; (T b (s, X5) = br(tp(s), X[ () * + low(s, Xs) — on(tp(s), ti(s))|2)ds}

¢
<2L(T + 1)/ E[sup|X, — X" %ds]
0 u<s
t
F2LT+1) [ Ells = () +1X, ~ Xy ds]
0

where we successively used BDG inequality, the fact that [I*| < 1, the Lipschitz-continuity of the
coefficients b and o in @ and their S-Holder-continuity in £. We then deduce from Gronwall’s
lemma that:

t
E[sup| X, — X['*] < Crn (h? +/ E[|X — Xip(o)ds). (A.3)
t<T 0

Now observe that:
B! Xho ] <2B[ [ (T X0 4 lou(r, X))

<hCr(1+E|sup|Xi|*|) < hCrx
t<T
Using again BDG inquality and the fact that |I*| < 1, we have:

t
E[sup | Y] < Cr [ (1+E[sup|X,])ds.
0

u<t u<s

from which we deduce by Gronwall’s lemma again that the second order moment of X are bounded
independently from the stopping policy 7. Therefore:

E[|X} — X} P] <hCry

We finally obtain the desired result by plugging the above estimate into (A.3) and by observing
that none of the constants involves 7. |

Lemma A.2. Let 7,7 € 7B{VT We denote by X = (X',...,XN) (resp. X := (X',....XN) the
dynamics (2.1) controlled by T (resp. 7). Then there exists Crn > 0 (depending on N and T)

such that: N
E[ sup | Xy — Xtﬂ < CrnN Z VE[|ITF — 7F]
k=1

t€[0,T]

Proof. Without loss of generality, we write the proof for o9 = 0. Fix t € [0, 7] and k € [N]. Using
convexity and Burkholder-Davis-Gundy inequalities, we have:

B[sup |t - XE2] < ¢ / B0kt - B ds + / B[joh 1t - A1) ds),

where we denote ¢ = ¢1.(s, Xs), ¢F = @i(s, Xs) for ¢ € {b,o}, IF := 1o, and IF := 1,5 .
Now observe that:
R[5 — BT8P < [hPITE — )] + B[k — 347

< CE[(1+ |XEP)|IF - IF]] + E[|X} - X5

15



< c\/ 1+ | X4 \/E[|I§ — I¥|] + B[ xE - %EP).

Using estimates similar to the proof of Lemma 4.2, we can show that EUX §|4] is bounded by
a constant depending on N and 7" only. Then, writing the same inequalities for the term in o,

observing that
/Ot E[|1f - IF]] < \/TE[/OT]If — I¥|ds| = \|TE|j — 7l

and using Gronwall’s Lemma, we derive the desired result. |

Lemma A.3. Let Assumption 4.1 holds. Let 7,7 € TN and denote by (X", I) and (XM, I) the
corresponding processes defined by (4.4), with Xy = Xo. Then we have:

E[maﬁ\Xﬁ — Xﬁﬂ < CpNyE[|T—=7F|] foralln € [p].
ne

Proof. The result can be proven by adapting the same estimates as in the proof of Lemma A.2 to
the dynamics (4.4). [ ]

References

[1] Sebastian Becker, Patrick Cheridito, and Arnulf Jentzen. Deep optimal stopping. Journal of
Machine Learning Research, 20(74):1-25, 2019.

[2] Mark Broadie and Paul Glasserman. A stochastic mesh method for pricing high-dimensional
american options. Journal of Computational Finance, 7:35-72, 2004.

[3] René Carmona and Nizar Touzi. Optimal multiple stopping and valuation of swing options.
Mathematical Finance: An International Journal of Mathematics, Statistics and Financial
Economics, 18(2):239-268, 2008.

[4] Chengfan Gao, Siping Gao, Ruimeng Hu, and Zimu Zhu. Convergence of the backward deep
BSDE method with applications to optimal stopping problems. SIAM Journal on Financial
Mathematics, 14(4):1290-1303, 2023.

[5] Miryana Grigorova, Marie-Claire Quenez, and Peng Yuan. The non-linear multiple stopping
problem: between the discrete and the continuous time. arXiv preprint arXiv:2504.135083,
2025.

[6] Ivan Guo, Nicolas Langrené, and Jiahao Wu. Simultaneous upper and lower bounds of
American-style option prices with hedging via neural networks. Quantitative Finance, 25(4):
509-525, 2025.

[7] Léaszl6 Gyorfi, Michael Kohler, Adam Krzyzak, and Harro Walk. A distribution-free theory of
nonparametric regression. Springer, 2002.

[8] Yuecai Han and Nan Li. A new deep neural network algorithm for multiple stopping with ap-
plications in options pricing. Communications in Nonlinear Science and Numerical Simulation,
117:106881, 2023.

[9] Come Huré, Huyén Pham, Achref Bachouch, and Nicolas Langrené. Deep neural networks
algorithms for stochastic control problems on finite horizon: convergence analysis. SIAM
Journal on Numerical Analysis, 59(1):525-557, 2021.

16



[10]

[11]

[12]

[13]

[14]

[15]

Toannis Karatzas and Steven E Shreve. Methods of mathematical finance, volume 39. Springer,
1998.

Magdalena Kobylanski, Marie-Claire Quenez, and Elisabeth Rouy-Mironescu. Optimal multiple
stopping time problem. The Annals of Applied Probability, 21(4):1365 — 1399, 2011.

Michael Kohler. Nonparametric regression with additional measurement errors in the dependent
variable. Journal of statistical planning and inference, 136(10):3339-3361, 2006.

Francis A Longstaff and Eduardo S Schwartz. Valuing american options by simulation: A
simple least-squares approach. The review of financial studies, 14(1):113-147, 2001.

Nicolai Meinshausen and Ben M Hambly. Monte Carlo methods for the valuation of multiple-
exercise options. Mathematical Finance: An International Journal of Mathematics, Statistics
and Financial Economics, 14(4):557-583, 2004.

John Schoenmakers. A pure martingale dual for multiple stopping. Finance and Stochastics,
16(2):319-334, 2012.

Albert N Shiryaev. Optimal stopping rules. Springer, 2008.

Mehdi Talbi, Nizar Touzi, and Jianfeng Zhang. Dynamic programming equation for the mean
field optimal stopping problem. SIAM Journal on Control and Optimization, 61(4):2140-2164,
2023.

Mehdi Talbi, Nizar Touzi, and Jianfeng Zhang. Viscosity solutions for obstacle problems on
Wasserstein space. SIAM Journal on Control and Optimization, 61(3):1712-1736, 2023.

Mehdi Talbi, Nizar Touzi, and Jianfeng Zhang. From finite population optimal stopping to
mean field optimal stopping. The Annals of Applied Probability, 34(5):4237-4267, 2024.

Jiefei Yang and Guanglian Li. A deep primal-dual BSDE method for optimal stopping problems.
arXiv preprint arXiv:2409.06937, 2024.

17



	Introduction
	The general discrete time setting
	The original problem
	The alternative problem

	Main results
	The original algorithm
	The alternative algorithm
	The convergence results

	Application to diffusion processes
	Discrete-time approximation
	Error for the alternative problem
	Numerical implementation

	Technical results

