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Abstract

The aim of this paper is to present a numerical study of multiple optimal stopping problems,
which arise in many applications (e.g., the optimal liquidation of a portfolio). Due to the
possibly high dimensional nature of these problems, our approach relies on a combination of a
neural network approximation of the value function and the dynamic programming principle.
We analyze the convergence of the algorithm and present some numerical applications.

1 Introduction
Optimal stopping problems consist in choosing the best time to stop a stochastic process, in order
to optimize a certain payoff that can be written as a function of this process at the chosen time.
The decision must be non-anticipative, which implies that the time must be picked in the set of
stopping times corresponding to the filtration generated by the reward process.

It is well known that the (first) optimal stopping time can be determined as the first time the reward
processes reaches its so-called Snell envelope, defined as the smallest supermartingale larger than
the reward process (see e.g. Shiryaev [16] or Karatzas and Shreve [10] for a general overview of the
theory of optimal stopping). This can be seen as a consequence of the dynamic programming prin-
ciple, which provides an algorithm approach to solve numerically optimal stopping problems. We
may mention the celebrated Longstaff-Schwarz method [13], which consists in a recursive sequence
of least square regressions to compute the price of American options, and also the stochastic mesh
approach by Broadie and Glasserman [2], also in the context in American options. More recently,
Becker, Cheridito, and Jentzen [1] proposed an approach combining dynamic programming and an
approximation of the optimal stopping rule by a neural network. We also refer the interested reader
to [14; 15; 20; 4; 6] for more numerical methods to solve stopping problems.

In the present paper, we are interested in numerically solving the multiple optimal stopping prob-
lem, in which one has the possibility to stop multiple stochastic processes by assigning each of them
a stopping time that might be different from the others. Such problems have been introduced in a
general continuous-time framework by Kobylanski, Quenez, and Rouy-Mironescu [11], who proved
it can be reduced to a recursive sequence of single-agent optimal stopping problems with random
horizon. An asymptotic version of this problem has been studied in [17; 18; 19]. We also refer to
Carmona and Touzi [3] for the study of a special multipe stopping problem in the context of swing
options, and to Grigorova, Quenez, and Yuan [5] for an extension of [11] to a class of nonlinear
expectations.
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The literature is very limited when it comes to the numerical analysis of such problems. We may
only refer to Han and Li [8], who extend the approach of [1] to multiple stopping problems arising in
option pricing problems. In our contribution, we define the multiple stopping problem in a general
discrete framework. After deriving a dynamic programming principle, we establish a backwards
algorithm enabling the computation of the value function, which merely consists in maximizing at
every time step a family of conditional expectations. It is well known that conditional expectations
can be efficiently approximated with neural networks (see e.g. Györfi, Kohler, Krzyżak, and Walk [7,
Chapter 11]). Here, our key idea consists in parametrizing all the family of conditional expectations
by a single neural network, thanks to the addition of an extra-variable encapsulating the state of
all the coordinates of the reward process, i.e. wether they are stopped or not. The approximated
value function is then defined as the maximum of the neural network taken on this extra-argument,
and the approximated optimal stopping policy as the argument reaching this maximum. Having in
mind high dimensional multiple stopping (although the optimized algorithm for the study of the
mean field problem is left for further research), we also propose an alternative algorithm with a
reduced computation cost. We prove the convergence of both algorithms (in the spirit of Huré,
Pham, Bachouch, and Langrené [9].

The paper is organized as follows. In Section 2, we define the problem and derive the dynamic
programming principle. Section 3 contains the convergence results along with their proofs. In
Section 4, we analyze the convergence error when the discrete-time process corresponds to the Euler
scheme of a diffusion process, and illustrate this study with some numerical examples. Finally, the
Appendix A contains numerical results.

2 The general discrete time setting
We consider a discrete time interacting particle system where each particle’s dynamics are influenced
by the other particles’ states, until it stops. Let p ∈ N∗ and (Ω, F ,P) be a probability space endowed
with a filtration F := {Fn}{n∈[p]}, with Fp = F . We denote by Tp the set of [p]-valued F-stopping
times, and by T N

p the set of N -tuples of elements of Tp.
Let {εn}{n∈[p]} be a sequence of i.i.d. random variables such that εn+1 is independent of Fn for
all n ∈ [p − 1]. Given τ := (τ1, . . . , τN ) ∈ T N

p , we denote by I := (I1, . . . , IN ) the corresponding
vector of survival processes, defined by Ik

n := 1n≤τk for all n ∈ [p] and k ∈ [N ]∗. We then consider
the dynamics:

Xn+1 := Xn + Fn(Xn, εn+1)In+1, X0 ∈ RN , (2.1)

where F : RN × Rd −→ RN , and the above product is understood as a Hadamard product.

2.1 The original problem

Let g : RN → R be the reward function, and c : [p] ×RN × {0, 1}N × {0, 1}N → R+ be a transaction
cost function which is 0 is not particle is stopped, i.e.,

cn(x, i, i) = 0 for all (n, x, i) ∈ [p] × RN × {0, 1}N .

The multiple optimal stopping problem consists in solving the following maximization problem:

V0 := sup
τ∈T p

N

E
[ N−1∑

n=0
cn(Xn, In, In+1) + g(X1

τ1 , . . . , XN
τN )

]
= sup

τ∈T p
N

E
[ N−1∑

n=0
cn(Xn, In, In+1) + g(Xp)

]
,(2.2)
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where the second equality comes from the fact that X is the vector of stopped processes, i.e.,
Xk

τk = Xk
p for all k ∈ [N ]∗. This class of problems may be analyzed using the dynamic programming

approach. For that, introduce the dynamic value function:

Vn(x, i) := sup
τ∈T N

n,p

E
[ p−1∑

k=n

ck(Xk, Ik, Ik+1) + g(Xp)
∣∣Xn = x, In = i

]
, (2.3)

where T N
n,p denotes the set of {n, . . . , p}-valued N -tuples of F-stopping times. Based on the works

of Kobylanski, Quenez, and Rouy-Mironescu [11] and Talbi, Touzi, and Zhang [19], we have:

Proposition 2.1. Assume the functions c and g are continuous. Then:
(i) For all (x, i) ∈ RN × {0, 1}N , we have:

Vn(x, i) = max
{i′∈{0,1}N s.t. i′≤i}

E
[
cn(Xn, In, In+1) + Vn+1(Xn+1, In+1)|Xn = x, In = i

]
= max

{i′∈{0,1}N s.t. i′≤i}
E

[
cn(x, i, i′) + Vn+1(x + Fn(x, εn+1)i′, i′)

]
,

where the inequality i′ ≤ i is understood coordinate wise.
(ii) There exists an optimal stopping strategy τ ∗ ∈ T N

n,p for (2.2).

Proof. To prove (i), let us introduce the set IN of F-predictable, decreasing, {0, 1}N -valued processes
such that I0 = 1. It is clear that T N

p and IN are in bijection. Indeed, to each τ = (τ1, . . . , τN ),
we can associate I = (I1, . . . , IN ) by setting Ik

n := 1n≤τk
= 1 − 1n−1≥τk

, for k ∈ [N ]. Since τk is
a stopping time, it is clear that Ik, and therefore I is predictable. Conversely, given I ∈ IN , we
define the corresponding stopping times by setting τk := min{n ≥ 0 : Ik

n+1 = 0} ∧ p.
Now, let AN be the set of F-adapted processes taking values in {0, 1}N . Then IN is in bijection
with AN . Indeed, given In = (1n≤τ1 , . . . , 1n≤τn), we have, by setting αk

n := {τk = n}, k ∈ [p],
Ik

n =
∏n−1

j=1 αk
j . Therefore, the multiple stopping problem (2.3) may be rewritten as a standard

control problem on A. Since g is continuous, the dynamic programming principle for this problem
writes:

Vn(x, i) = sup
a∈{0,1}N

E
[
cn(x, i, In+1) + Vn+1(Xn+1, In+1)

]
,

where Xn+1 = x + Fn(x, εn+1)In+1 and In+1 = ia. The desired result is obtained by observing
that:

{ia : a ∈ {0, 1}N } = {i′ ∈ {0, 1}N : i′ ≤ i},

and that this set is finite, and therefore the supremum is a maximum.
To prove (ii), we construct recursively the process I∗ defined by

I∗
n = i and I∗

m+1 ∈ argmaxi′≤I∗
m
E

[
cn(x, i, i′) + Vm+1(Xm+1, i′)

]
.

τ ∗ is then the N -tuple of stopping times associated to the N -tuple of survival processes I∗.
Intuitively, Proposition 2.1 means that the multiple optimal stopping problem can be reduced to a
recursive sequence of standard stopping problems: at each time n, one decides which agents will be
stopped. This decision is encapsulated in the vector i′: if i′

k = 0, then the k-th agent is stopped;
otherwise, they continue. Note that, at every time n, given a state vector i ∈ {0, 1}N , one has
to examine all the combinations of i′ ≤ i to decide which particles should be stopped. As it will
be seen in Section 3, this could induce a computational cost with exponential growth in N . We
therefore examine an alternative multiple stopping problem which considerably reduces this cost.
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2.2 The alternative problem

Introduce the following set of N -tuples of stopping times, in which two elements of the tuple cannot
be equal unless they are equal to the terminal time:

T̃ N
p :=

{
τ = (τ1, . . . , τN ) ∈ T N

p : τk = τl ⇒ τk = p for all k ̸= l
}

.

We then define the alternative multiple optimal stopping problem:

Ṽ0 := sup
τ∈T̃ p

N

E
[ N−1∑

n=0
cn(Xn, In, In+1) + g(X1

τ1 , . . . , XN
τN )

]
= sup

τ∈T̃ p
N

E
[ N−1∑

n=0
cn(Xn, In, In+1) + g(Xp)

]
.(2.4)

In this problem, at each time n ∈ [p − 1], one can only stop (at most) one particle. Similarly to the
original problem, we introduce a dynamical version of the value function in (2.4):

Ṽn(x, i) := sup
τ̃∈T̃ N

n,p

E
[ N−1∑

k=n

ck(Xk, Ik, Ik+1) + g(Xp)
∣∣Xn = x, In = i

]
, (2.5)

where T̃ N
n,p denotes the set of {n, . . . , p}-valued N -tuples of T̃ N

p . We then have the following dynamic
programming principle:

Proposition 2.2. Assume g is continuous. Then:
(i) For every (x, i) ∈ RN × {0, 1}N , we have:

Ṽn(x, i) = sup
ℓ∈[N ]

E
[
cn(x, i, i−ℓ) + Ṽn+1(x + Fn(x, εn+1)i−ℓ, i−ℓ)

]
.

(ii) There exists an optimal stopping strategy τ̃ ∗ ∈ T̃ N
n,p for the problem (2.5).

Proof. The proof follows the same path as the proof of Proposition 2.1, replacing AN with the set
ÃN of F-adapted processes taking their values in {1 − eℓ : ℓ ∈ [N ]}.

According to Proposition 2.2, at every step n, we have to choose which particle to stop (if any).
Then, it boils down to choose an index ℓ ∈ [N ], with ℓ = 0 standing for the case where we do not
stop any particle. Compared with the original problem, we then trade a possible exponential cost
in N with a linear cost of N . However, this cost reduction comes up with an additional error due to
the fact that in the new problem, we cannot stop several particles at once. In Section 4, we analyze
this error in the context of discretized diffusion processes.

3 Main results

3.1 The original algorithm

The first algorithm is based on Proposition 2.1, and approximates directly the original problem 2.2.
The idea is the following: assuming the function Vn+1 has been appropriately approximated at time
n + 1, we compute the function Vn in two steps:

1. First, we approximate the function Un : (x, i) 7→ E
[
Vn(x + Fn(x, εn+1)i, i)

]
. For this, we

approximate Un with a dense neural network, and we use the classical least squares character-
ization of the conditional expectation joint with a Monte Carlo approach, for which we need
M simulations {(X(m)

n , I
(m)
n , ε

(m)
n+1)}{1≤m≤M} according to a distribution ν = µX ⊗ µI ⊗ µε,

that we assume to be independent from the time n for simplicity.
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2. Then, given i ∈ {0, 1}N , the function Vn(·, i) is defined as:

Vn(·, i) = max
i′≤i

cn(x, i, i′) + Un(x, i′).

In what follow, we denote by ξM := {(X(m)
n , I

(m)
n , ε

(m)
n+1) : 1 ≤ m ≤ M, 0 ≤ n ≤ p − 1} the total set

of simulations, and by U ξM
n and V ξM

n the neural network approximations of the functions Un and
Vn.

Algorithm 1.

1. Initialization: V̂ ξM
p = g.

2. For n ∈ [p − 1]:

(a) Approximate the conditional expectation function (x, i) 7→ E
[
Vn+1(Xn+1, i)|Xn = x

]
=

E
[
Vn+1(x + Fn(x, εn+1)i, i)

]
:

Û ξM
n ∈ argmin

ϕ∈V

1
M

M∑
m=1

∣∣ϕ(X(m)
n , I(m)

n ) − V̂ ξM
n+1

(
Xn + Fn(X(m)

n , ε
(m)
n+1)I(m)

n , I(m)
n

)∣∣2.

(b) Compute V̂n as the increasing envelope of Ûn with respect to i, as well as an optimal
strategy at time n:

V̂ ξM
n (x, i) := max

i′∈{0,1}N :i′≤i
cn(x, i, i′) + Û ξM

n (x, i′). (3.1)

IξM
n+1(x, i) ∈ argmax

i′∈{0,1}N :i′≤i

cn(x, i, i′) + Û ξM
n (x, i′). (3.2)

(c) Given an initial condition (X0, I0) := (x, i), compute the optimal stopping policy IξM

with:
IξM

n+1 := IξM
n+1(Xn, IξM

n ), Xn+1 = Xn + Fn(Xn, εn+1)IξM
n+1.

An important drawback of Algorithm 1 is that (3.1) can be very costly, as we have:

Card
(
{i′ ∈ {0, 1}N : i′ ≤ i}

)
= 2|i|1 .

Computing the maximum on this set therefore implies a complexity of order O(2N ). This motivates
us to introduce an alternative algorithm.

3.2 The alternative algorithm

The second algorithm is based on Proposition 2.2, and approximates directly the alternative problem
(2.4), and indirectly the original problem (2.2), see Proposition ??. The idea is the following:

1. First, we approximate the function Un : (x, i) 7→ E
[
Vn(x + Fn(x, εn+1)i, i)

]
similarly to the

previous algorithm.

2. Then, given i ∈ {0, 1}N , the function Vn(·, i) is defined as:

Vn(·, i) = max
ℓ∈[N ]

cn(x, i, i(1 − eℓ)) + Un(x, i(1 − eℓ)).
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Algorithm 2.

1. Initialization: V̂ ξM
p = g.

2. For n ∈ [p − 1]:

(a) Approximate the conditional expectation function (x, i) 7→ E
[
Vn+1(Xn+1, i)|Xn = x

]
=

E
[
Vn+1(x + Fn(x, εn+1)i, i)

]
:

Û ξM
n ∈ argmin

ϕ∈V

1
M

M∑
m=1

∣∣ϕ(X(m)
n , I(m)

n ) − V̂ ξM
n+1

(
Xn + Fn(X(m)

n , ε
(m)
n+1)I(m)

n , I(m)
n

)∣∣2.

(b) Compute V̂n as the increasing envelope of Ûn with respect to i:

V̂ ξM
n (x, i) := max

ℓ∈[N ]
cn(x, i, i(1 − eℓ)) + Û ξM

n (x, i(1 − eℓ)).

IξM
n+1(x, i) = i(1 − eℓξM (x,i)), with ℓξM (x, i) ∈ argmax

i′∈{0,1}N :i′≤i

cn(x, i, i′) + Û ξM
n (x, i′).

(c) Given an initial condition (X0, I0) := (x, i), compute the optimal stopping policy IξM

with:
IξM

n+1 := IξM
n+1(Xn, IξM

n ), Xn+1 = Xn + Fn(Xn, εn+1)IξM
n+1.

3.3 The convergence results

In order to analyze the convergence of the algorithms, we shall restrict the neural networks to the
following class of functions:

NM :=
{

f : RN × RKM (2+N)+1 ∋ (x, θ) 7→
KM∑
j=1

αjσ(βj · x + γj) + α0, with θ := (αj , βj , γj)j

}
,

where σ : R → R is some activation function, and {KM }M≥0 is such that

δM := KM

M
→ 0 as M → ∞.

We shall also use the following notation: given to sequences of variables YM and ZM , M ≥ 0, we say
that YM = OP(ZM ) if there exists a constant C ≥ 0 such that P

(
|YM | ≤ C|ZM |

)
→ 0 as M → ∞.

Since we mostly use neural networks to approximate conditional expectations, we also recall the
following result from Kohler [12, Corollary 1], which will be useful to analyze the convergence of
algorithm in the sense of OP:

Lemma 3.1. Let (Xi, Yi)1≤i≤M be a sequence of i.i.d. Rd × R-valued random variables. Introduce
the measurable functions:

µ(x) := E[Y1|X1 = x], µM ∈ argmin
ϕ∈NM

M∑
i=1

|ϕ(Xi) − Yi|2.

We assume that there exists two positive constants σ, λ such that:

E
[

exp
((Y1 − m(X1))2

σ2

)∣∣∣X1
]

≤ λ.

Then we have:

E
[∣∣∣µM (X1) − µ(X1)

∣∣∣2]
= OP

(
δM + inf

ϕ∈NM

{
E

[∣∣∣ϕ(X1) − m(X1)
∣∣∣2]})

.
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Before stating the main result, introduce the metric used to measure the error: for f : RN ×
{0, 1}N → R, we denote:

∥f∥ξM
2,∞ := E

[
max

i∈{0,1}N

∣∣f(X0, i)
∣∣2∣∣∣ξM

]1/2
,

where P ◦ X−1
0 = µ and ξM is the set of all simulations used to train the neural network.

Assumption 3.2. Assume that P ◦ X−1
n = µ. Then, for all i ∈ {0, 1}N , the random variable

Xn+1 = Xn + Fn(Xn, εn+1)i admits a bounded density with respect to µ conditionally on Xn,
denoted x 7→ hn(x; Xn, i).

Theorem 3.3. Let Assumption 3.2 hold.
(i) Let V̂ ξM be the function resulting from Algorithm 1. Then we have, as M → ∞:

∥V̂ ξM
0 − V0∥ξM

2,∞= OP
(
δM + sup

n≤k≤p
inf

ϕ∈NM

|ϕ − Uk|ξM
2,∞

)
,

for some δM → 0 as M → ∞.
(ii) Let V̂ ξM be the function resulting from Algorithm 2. Then we have, as M → ∞:

∥V̂ ξM
0 − Ṽ0∥ξM

2,∞= OP
(
δM + sup

n≤k≤p
inf

ϕ∈NM

|ϕ − Uk|ξM
2,∞

)
,

for some δM → 0 as M → ∞.

Proof. We only write the proof of (i), as (ii) proceeds exactly from the same arguments. For n ∈ [p],
introduce the following functions:

Un(x, i) := E
[
Vn+1

(
x + Fn(x, εn+1)i, i

)]
,

Ū ξM
n (x, i) := E

[
V̂ ξM

n+1
(
x + Fn(x, εn+1)i, i

)]
,

for all (x, i) ∈ RN × {0, 1}N . Then we have, by definition of Algorithm 1 and Proposition 2.1:

∥V̂ ξM
n − Vn∥ξM

2,∞ ≤ E
[

max
i∈{0,1}N

∣∣ max
i′≤i

Û ξM
n (Xn, i′) − max

i′≤i
Un(Xn, i′)

∣∣2∣∣∣ξM

]1/2

≤ ∥Û ξM
n − Un∥ξM

2,∞

≤ ∥Û ξM
n − Ū ξM

n ∥ξM
2,∞+∥Ū ξM

n − Un∥ξM
2,∞.

Now, introduce the set:

AM
n :=

{
∥Û ξM

n − Ū ξM
n ∥ξM

2,∞≤ Cn

(
δM + inf

ϕ∈NM

∥ϕ − Ū ξM
n ∥ξM

2,∞

)}
,

where δM → 0 and Cn is such that P(AM
n ) → 1 as M → ∞, see Lemma 3.1. On this set, we have:

∥V̂ ξM
n − Vn∥ξM

2,∞ ≤ Cn

(
δM + inf

ϕ∈NM

∥ϕ − Ū ξM
n ∥ξM

2,∞

)
+ ∥Ū ξM

n − Un∥ξM
2,∞

≤ Cn

(
δM + inf

ϕ∈NM

∥ϕ − Un∥2,∞
)

+ (1 + Cn)∥Ū ξM
n − Un∥ξM

2,∞. (3.3)

Now, observe that:

∥Ū ξM
n − Un∥ξM

2,∞ ≤ E
[

max
i∈{0,1}N

∣∣E[
V̂ ξM

n+1(Xn+1, i)|Xn, ξM

]
− E

[
Vn+1(Xn+1, i)|Xn, ξM

]∣∣2∣∣∣ξM

]1/2

≤ E
[
E

[
max

i∈{0,1}N

∣∣V̂ ξM
n+1(Xn+1, i) − Vn+1(Xn+1, i)

∣∣2|Xn

]∣∣∣ξM

]1/2
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with Xn+1 = Xn + Fn(Xn, εn+1)i. Now, using Assumption 3.2, we obtain:

∥Ū ξM
n − Un∥ξM

2,∞≤E
[ ∫

RN
max

i∈{0,1}N

∣∣V̂ ξM
n+1(x, i) − Vn+1(x, i)

∣∣2hn(x; Xn, i)µ(dx)|ξM

]1/2

≤∥h∥∞E
[ ∫

RN
max

i∈{0,1}N

∣∣V̂ ξM
n+1(x, i) − Vn+1(x, i)

∣∣2µ(dx)|ξM

]1/2

=∥h∥∞∥V̂ ξM
n+1 − Vn+1∥ξM

2,∞.

Plugging this into (3.3), we have on AM
n :

∥V̂ ξM
n − Vn∥ξM

2,∞≤Cn

(
δM + inf

ϕ∈NM

∥ϕ − Un∥2,∞
)

+ (1 + Cn)∥h∥∞∥V̂ ξM
n+1 − Vn+1∥ξM

2,∞

≤C
(
δM + sup

0≤k≤p
inf

ϕ∈NM

∥ϕ − Uk∥2,∞
)

+ (1 + C)∥h∥∞∥V̂ ξM
n+1 − Vn+1∥ξM

2,∞,

with C := maxn∈[p] Cn. Then, by induction, we have on ∩p−1
n=0AM

n , using the fact that V̂ ξM
N = g:

∥V̂ ξM
0 − V0∥ξM

2,∞≤ C(1 + C)p∥h∥p
∞

(
δM + sup

0≤k≤p
inf

ϕ∈NM

∥ϕ − Uk∥2,∞
)
.

We conclude the proof by observing that P
[
(∩p−1

n=0AM
n )c

]
≤

∑p
n=0 P[(AM

n )c] → 0 as M → ∞.

Theorem 3.4. (i) Let IξM the stopping strategy provided by Algorithm 1, and denote for n ∈ [p]:

JξM
n := E

[ p−1∑
k=n

cn(Xk, Xk+1, IξM
k+1) + g(Xp)

]
,

where the dynamics of X is controlled by IM . Then we have:

∥JξM
0 − V0∥ξM

2,∞ = OP(δM + sup
0≤k≤p

inf
ϕ∈NM

∥ϕ − Uk∥2,∞),

with δM → 0 as M → ∞.
(ii) Let IξM the stopping strategy provided by Algorithm 2, and define JξM

n as above. Then we
have:

∥JξM
0 − Ṽ0∥ξM

2,∞ = OP(δM + sup
0≤k≤p

inf
ϕ∈NM

∥ϕ − Uk∥2,∞),

with δM → 0 as M → ∞.

Proof. For simplicity, we write the proof for c = 0. We only detail the argument for (i), as (ii) is
proved in the very same way. First, observe that:

∆n := ∥JξM
n − Vn∥ξM

2,∞ ≤ ∥V̂ ξM
n − Vn∥ξM

2,∞ + ∥V̂ ξM
n − JξM

n ∥ξM
2,∞. (3.4)

Yet, we have:

∥V̂ ξM
n − JξM

n ∥ξM
2,∞ = E

[
max

i∈{0,1}N

∣∣∣V̂ ξM
n (Xn, i) − JM

n (Xn, i)
∣∣∣2|ξM

]1/2

=E
[

max
i∈{0,1}N

∣∣∣Û ξM
n (Xn, IξM

n+1) − E
[
JξM

n+1(Xn+1, IξM
n+1)|Xn

]∣∣∣2|ξM

]1/2

≤∥Û ξM
n − Ū ξM

n ∥ξM
2,∞ + E

[
max

i∈{0,1}N

∣∣∣Ū ξM
n (Xn, IξM

n+1) − E
[
JξM

n+1(Xn+1, IξM
n+1)|Xn

]∣∣∣2|ξM

]1/2
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≤∥Û ξM
n − Ū ξM

n ∥ξM
2,∞ + E

[
max

i∈{0,1}N

∣∣∣Ū ξM
n (Xn, IξM

n+1) − E
[
Vn+1(Xn+1, IξM

n+1)|Xn

]∣∣∣2|ξM

]1/2

+ E
[

max
i∈{0,1}N

∣∣∣E[
Vn+1(Xn+1, IξM

n+1)|Xn

]
− E

[
JξM

n+1(Xn+1, IξM
n+1)|Xn

]∣∣∣2|ξM

]1/2

≤∥Û ξM
n − Ū ξM

n ∥ξM
2,∞ + E

[
max

i∈{0,1}N
E

[∣∣∣V̂ ξM
n+1(Xn+1, IξM

n+1) − Vn+1(Xn+1, IξM
n+1)

∣∣∣2|Xn

]
|ξM

]1/2

+ E
[

max
i∈{0,1}N

E
[∣∣∣Vn+1(Xn+1, IξM

n+1) − JξM
n+1(Xn+1, IξM

n+1)
∣∣∣2|Xn

]
|ξM

]1/2

≤∥Û ξM
n − Ū ξM

n ∥ξM
2,∞ + ∥h∥∞∥V̂ ξM

n+1 − Vn+1∥ξM
2,∞ + ∥h∥∞∥V̂n+1 − JξM

n+1∥ξM
2,∞,

where we used Assumption 3.2 as in the proof of Theorem 3.3. Plugging this into (3.4), we obtain:

∆n ≤ ∥V̂ ξM
n − Vn∥ξM

2,∞ + ∥Û ξM
n − Ū ξM

n ∥ξM
2,∞ + ∥h∥∞∥V̂ ξM

n+1 − Vn+1∥ξM
2,∞ + ∥h∥∞∆n+1,

from which we deduce the desired result from Theorem 3.3, Lemma 3.1 and the fact that ∆p = 0.

4 Application to diffusion processes
Our objective is to numerically compute the value function of the multiple optimal stopping problem
for a N -dimensional stopped diffusion, as defined in Talbi, Touzi & Zhang []. More precisely, we
are interested in the following problem:

V0 := sup
τ∈T N

[0,T ]

E
[ ∑

0≤s≤T

cs(Xs) · (Is − Is−) + g
(
XT

)]
(4.1)

= sup
τ∈T N

[0,T ]

E
[ N∑

k=1
ck

τk
(Xτk

) + g
(
X1

τ1 , . . . , XN
τN

)]
.

where T N
[0,T ] denotes the set of [0, T ]-valued N -tuples of stopping times and X := (X1, . . . , XN ) is

the system of interacting stopped diffusions:

dXk
t = Ik

t

(
bk(t, Xt)dt + σk(t, Xt)dW k

t + σ0(t, Xt)dW 0
t

)
(4.2)

for all k ∈ [N ] := {1, . . . , N}, with Ik
t := 1τk>t and where the standard Brownian motions

W 0, . . . , W N are independent. The following assumption will be in force throughout this Section:

Assumption 4.1. For ϕ ∈ {βk, σk, σ0, c, g}, k ∈ [N ], ϕ, there exists a nonnegative constant C ≥ 0
and β ∈ (0, 1] such that:

|ϕ(t, x) − ϕ(t, x′)| ≤ C|x − x′|,
|ϕ(t, x) − ϕ(s, x)| ≤ C|t − s|β,

for all (t, s) ∈ [0, T ]2 and (x, x′) × RN × RN .

4.1 Discrete-time approximation

Let π := {t0, . . . , tp} be a partition of [0, T ], with p ∈ N∗. For simplicity, we assume that all the
subintervals have the same size, i.e., tk = k T

p for all k ∈ [p]. In what follows, we shall denote by
h := T

p the step of the partition π. In this paragraph, we denote by Tp the set of π-valued stopping
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times, and by T N
p the set of N -tuples of π-valued stopping times. We then introduce the discrete

time multiple optimal stopping problem:

V h
0 := sup

τ∈T N
p

E
[ N∑

k=1
ck

τk
(Xh

τk
) + g(X1,h

τ1 , . . . , XN,h
τN

)
]
, (4.3)

with Xh := (X1,h, . . . , XN,h) denotes the Euler scheme of X for the partition π, that is:

Xk,h
t = xk +

∫ t

0
Ik

tp(s)+hbk(tp(s), Xh
tp(s))ds +

∫ t

0
Ik

tp(s)+hσk(tp(s), Xh
tp(s))dW k

s (4.4)

+
∫ t

0
Ik

tp(s)+hσ0(tp(s), Xh
tp(s))dW 0

s

for all k ∈ [N ] and t ∈ [0, T ], with tp(s) is the largest t′ ∈ π such that t′ ≤ s. This dynamics
correspond to the general dynamics (2.1) with:

Fn(x, εn+1) =

 b1(n, x)
. . .

bN (n, x)

 h +

 σ1(n, x)ε(1)
n+1

. . .

σN (n, x)ε(N)
n+1

 , and ε
(k)
n+1 := W k

tn+1 − W k
tn

for all k ∈ [N ].

In the following Lemma (whose proof is relegated to the appendix), we estimate the error between
X and its Euler scheme, for stopping times taking their values in the discrete set {t0, . . . , tp}:

Lemma 4.2. Let Assumption 4.1 hold. For all τ ∈ T N
p , we have:

sup
τ∈T N

p

E
[

sup
t∈[0,T ]

|Xt − Xh
t |2

]
≤ CT,N h2β∧1,

where the constant CT,N only depends on T and N .

This estimate implies the following estimate between the two value functions:

Proposition 4.3. Let Assumption 4.1 hold. Then we have:

|V0 − V h
0 | ≤ CT,N hβ∧1/2,

where the constant CT,N only depends on T and N .

Proof. Introduce the value function of the optimal stopping problem of X on the set of π-valued
stopping times:

V p
0 := sup

τ∈T N
p

E
[ N∑

k=1
ck

τk
(Xτk

) + g
(
X1

τ1 , . . . , XN
τN

)
]
.

We have:
|V0 − V h

0 | ≤ |V0 − V p
0 | + |V p

0 − V h
0 |.

Assumption 4.1 and Lemma 4.2 imply that:

|V p
0 − V h

0 | ≤ Chβ∧1/2.

for some constant C ≥ 0. The inequality V p
0 ≤ V0 is clear, as it simply comes from the fact that

T N
p ⊂ T N

[0,T ]. Now, for ε > 0, let τ ε ∈ T N
[0,T ] be an ε-optimal policy for the problem (4.1). We then

define τ̄ ε = (τ̄ ε
1 , . . . , τ̄ ε

p ) as follows: for each k ∈ [p], τ̄ ε
k is the smallest tm ∈ π such that τ ε

k ≤ tm.
Since {τ̄ ε

k ≤ tm} = {τ ε
k ∈ (tm−1, tm]} ∈ Ftm , τ̄ ε

k is a stopping time for the filtration Fp, and therefore
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τ̄ ε ∈ T N
p . Then, by Assumption 4.1 and the fact that g is Lipschitz-continuous, Lemma A.2 and

the fact that τ̄ ∈ T N
p , we have:

V0 ≤E
[ N∑

k=1
ck

τε
k
(Xτε

k
) + g

(
X1

τε
1
, . . . , XN

τε
N

)]
+ ε ≤ E

[ N∑
k=1

ck
τ̄ε

k
(Xτ̄ε

k
) + g

(
X1

τ̄ε
1
, . . . , XN

τ̄ε
N

)]
+ CT,N hβ∧1/2 + ε

≤V h
0 + CT,N hβ∧1/2 + ε.

We conclude by arbitrariness of ε > 0, and remarking that we typically have h ≤ 1.

Remark 4.4. If g only depends on the empirical measure of X, one can show that the constant
C(N, T ) in fact does not depend on N .

4.2 Error for the alternative problem

In this paragraph, we consider the alternative problem

Ṽ h
0 := sup

τ∈T̃ N
p

E
[ N∑

k=1
ck

τk
(Xh

τk
) + g(X1,h

τ1 , . . . , XN,h
τN

)
]
, (4.5)

where agents may only be stopped one by one. As it is more challenging to compare Ṽ h
0 to V0

directly, we start by comparing Ṽ h
0 to V h

0 :

Proposition 4.5. Let Assumption 4.1 hold. Then we have, for some constant CT,N depending on
T and N only:

V h
0 − CN hβ∧1/2 ≤ Ṽ h

0 ≤ V h
0 .

Proof. The inequality Ṽ h
0 ≤ V h

0 is clear, since T̃ N
p ⊂ T N

p . For the other inequality, consider an
optimal strategy τ ∗ = (τ∗

1 , . . . , τ∗
N ) for (4.3), whose existence is granted by Proposition 2.1, that is:

V h
0 = E

[ N∑
k=1

cτ∗
k
(Xh,∗

τ∗
k

) + g(Xh,∗
T )

]
,

where (X∗,h, I∗) denotes the process (4.4) controlled by τ ∗. By Lemma A.1, we may construct a
strategy τ̃ = (τ̃1, . . . , τ̃N ) ∈ T̃ N

p such that

|τ∗
k − τ̃k| ≤ Nh, a.s.,

and we denote by X̃h the Euler scheme controlled by τ̃ . By Assumption 4.1, we have the estimates:

V h
0 ≤E

[
L

( N∑
k=1

(1 + |Xh,∗
τ∗

k
|)|τ∗

k − τ̃k|β + |Xh,∗
τ∗

k
− X̃h

τ̃k
| + |Xh,∗

T − X̃h
T |

)
+

N∑
k=1

cτ̃k
(X̃h

τ̃k
) + g(X̃h

T )
]

≤L
((

1 + sup
n∈[p]

E
[
|Xh,∗

tn
|]

)
hβ + C ′

T,N

√
E

[
|τ − τ̃ |

])
+ Ṽ h

0

≤CT,N hβ∧1/2 + Ṽ h
0 ,

where we used Lemma A.3 for the second inequality.
Combining Propositions 4.3 and 4.5, we immediately deduce the following result:

Proposition 4.6. Let Assumption 4.1 hold. Then we have:

|V0 − Ṽ h
0 | ≤ CT,N hβ∧1/2,

where the constant CT,N only depends on T and N .
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Figure 1: Multi American Put

4.3 Numerical implementation

Multipe American Put. We first test our algorithms on the following problem, which corre-
sponds to the price of a basket of many American Puts, defined for all x = (x1, . . . , xN ) ∈ RN

+
by:

V0(x) := sup
τ∈T N

[0,T ]

E
[ N∑

j=1

(
Kj − Sj

τj

)
+

]
,

where and Kj ≥ 0, Sj
t = x exp

(
[µj − σ2

j /2]t + σjW j
t ), j ∈ [N ], with W 1, . . . , W N independent

Brownian motions. Denoting Sj,h the Euler scheme of Sj , we also introduce:

V h
0 (x) := sup

τ∈T N
p

E
[ N∑

j=1

(
Kj − Sj,h

t

)
+

]
.

Our objective is to compute V h
0 through our deep learning algorithm and to compare to V0, which

can be easily approximated by finite difference once we observe that V0(x) =
∑N

j=1 V j
0 (xj), with:

V j
0 (xj) := sup

τ∈T N
[0,T ]

E
[(

Kj − Sj
τj

)
+

]
,

which corresponds to a single-agent optimal stopping problem.
On Figure 1, we compare the prices of the multiple American Put (N = 3) respectively given by
our neural network and by finite differences. More precisely, we draw the “diagonal function”, that
is, x 7→ V0(x, . . . , x).

A nonlinear example. The following example is a sannity check to verify that our algorithms
also works for “non-separable" utilities and to visualize the impact of the extra error added by
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Algorithm 2. We define:

V0(x) := sup
τ∈T N

[0,T ]

E
[

log
(
1 + 1

N

N∑
j=1

Sj
τj

)]
,

where the processes S1, . . . , SN are defined as the in previous example, with the extra condition
that µj ≤ 0 for all j ∈ [N ]. We also introduce:

V h
0 (x) := sup

τ∈T N
p

E
[

log
(
1 + 1

N

N∑
j=1

Sj,h
τj

)]
,

Note that V0 can be computed explicitely, as by Jensen inequality:

V0(x) ≤ sup
τ∈T N

[0,T ]

log
(
E

[
1 + 1

N

N∑
j=1

Sτj

])
≤ log

(
1 + 1

N

N∑
j=1

xj

)
,

coming from the fact that the processes {Sj}j∈[N ] are supermartingales under the condition µj ≤ 0.
Since the above upper bound is reached for τj = 0 for all j ∈ [N ], we conclude that V0(x) =
log

(
1 + 1

N

∑N
j=1 xj

)
. We may proceed the same way with V h

0 , and we have in fact V0 = V h
0 . The

goal of this example is then to visualize the error due to Algorithm 2, and we therefore introduce:

Ṽ h
0 (x) := sup

τ∈T̃ N
p

E
[

log
(
1 + 1

N

N∑
j=1

Sj,h
τj

)]
.

Figure 2, compares the actual value function and Ṽ0, also on the diagonal x = (x, . . . , x) and for
N = 3.
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A Technical results
Lemma A.1. Let τ = (τ1, . . . , τN ) ∈ T N

p . There exists τ̃ ∈ T̃ N
p such that |τ − τ̃ |∞ ≤ N∆.

Proof. Recall the following notation: Ik
t = 1t≤τk

for k ∈ [N ] and t ∈ {t1, . . . , tp}. For every time
tn, we introduce a set Jtn , which can be interpreted as the set of indices left to stop at time tn.
At every time, only the smallest element of the set, that is, min Jtn , is stopped. More precisely, we
define the set-valued random sequence (Jtn)n∈[p] as follows:

Jt0 := {k ∈ [N ] : Ik
t0 − Ik

t1 = 1},

and, for n ∈ [p − 1]∗,

Jtn =
(
Jtn−1\{min Jtn−1}

)
∪ {k ∈ [N ] : Ik

tn
− Ik

tn+1 = 1}.

We also set Jp = ∅. Then, for all k ∈ [N ], we introduce:

τ̃k := min{tn ≥ 0 : min Jtn = k} ∧ tp. (A.1)

We now verify that τ̃ := {τ̃1, . . . , τ̃N } satisfies the desired properties.

First, since Ik is a predictable process, by induction we see that the set-valued process t 7→ Jt is
adapted to filtration FN . By (A.1), it is then clear that τ̃k is a FN -stopping time. Moreover, for
l ̸= k and n ∈ [p − 1], we have:

{τ̃k = τ̃l} =
p⋃

n=0
{τ̃k = τ̃l = tn} =

( p−1⋃
n=0

{k = min Jtn = l}
)

∪ {τ̃k = τ̃l = tp}

={τ̃k = τ̃l = tp},

which implies that τ̃ ∈ T̃ N
p . Finally, we estimate |τk − τ̃k|. Observe that:

τk = min{tn ≥ t0 : k ∈ Jtn} ∧ tp.

Note that we also have:

τ̃k = min{tn ≥ t0 : k ∈ Jtn and k /∈ Jtn+1} ∧ tp,

from which we deduce that:

|τk − τ̃k| = |{n ∈ [p] : k ∈ Jtn}|∆. (A.2)

Now, observe that if Jtn is nonempty, then at every time m ≥ n, we keep removing one index from
Jtm until it is empty, although new indices may be added. However, no index k ∈ [N ] can return
to J after exiting it. Therefore, since there is at most N indices to through J , we have, P-almost
surely:

Jtn ̸= ∅ ⇒ J(tn+N∆)∧tp
= ∅.

This implies that |{n ∈ [p] : k ∈ Jtn}| ≤ N , and by (A.2) we conclude the proof.

Proof of Lemma 4.2 Without loss of generality, we assume that σ0 = 0. Fix τ ∈ T N
p . For all

k ∈ [N ] and t ∈ [0, T ], we have:

E
[
sup
u≤t

|Xk
u − Xk,h

u |2
]

≤2E
[
T

∫ t

0
|bk(s, Xs) − bk(tp(s), Xh

tp(s))|
2ds +

∫ t

0
|σk(s, Xs) − σk(tp(s), Xh

tp(s))|
2ds

]
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≤2E
[ ∫ t

0

(
T |bk(tp(s), Xtp(s)) − bk(tp(s), Xh

tp(s))|
2 + |σk(tp(s), Xtp(s)) − σk(tp(s), Xh

tp(s))|
2)

ds
]

+ 2E
[ ∫ t

0

(
T |bk(s, Xs) − bk(tp(s), Xh

tp(s))|
2 + |σk(s, Xs) − σk(tp(s), Xtp(s))|2

)
ds

]
≤2L(T + 1)

∫ t

0
E

[
sup
u≤s

|Xu − Xh
u |2ds

]
+ 2L(T + 1)

∫ t

0
E

[
|s − tp(s)|2β + |Xs − Xtp(s)|2ds

]
,

where we successively used BDG inequality, the fact that |Ik| ≤ 1, the Lipschitz-continuity of the
coefficients bk and σk in x and their β-Hölder-continuity in t. We then deduce from Gronwall’s
lemma that:

E
[
sup
t≤T

|Xt − Xh
t |2

]
≤ CT,N

(
h2β +

∫ t

0
E

[
|Xs − Xtp(s)|2

]
ds

)
. (A.3)

Now observe that:

E
[
|Xk

s − Xk
tp(s)|

2]
≤2E

[ ∫ s

tp(s)

(
T |bk(r, Xr)|2 + |σk(r, Xr)|2

)
dr

]
≤hCT

(
1 + E

[
sup
t≤T

|Xt|2
])

≤ hCT,N

Using again BDG inquality and the fact that |Ik| ≤ 1, we have:

E
[

sup
u≤t

|Xk
u |2

]
≤ CT

∫ t

0

(
1 + E

[
sup
u≤s

|Xu|2
])

ds,

from which we deduce by Gronwall’s lemma again that the second order moment of X are bounded
independently from the stopping policy τ . Therefore:

E
[
|Xk

s − Xk
tp(s)|

2]
≤ hCT,N

We finally obtain the desired result by plugging the above estimate into (A.3) and by observing
that none of the constants involves τ .

Lemma A.2. Let τ , τ̃ ∈ T N
0,T . We denote by X := (X1, . . . , XN ) (resp. X̃ := (X̃1, . . . , X̃N ) the

dynamics (2.1) controlled by τ (resp. τ̃ ). Then there exists CT,N ≥ 0 (depending on N and T )
such that:

E
[

sup
t∈[0,T ]

|Xt − X̃t|2
]

≤ CT,N

N∑
k=1

√
E

[
|τk − τ̃k|

]
Proof. Without loss of generality, we write the proof for σ0 = 0. Fix t ∈ [0, T ] and k ∈ [N ]. Using
convexity and Burkholder-Davis-Gundy inequalities, we have:

E
[

sup
u≤t

|Xk
u − X̃k

u |2
]

≤ C
( ∫ t

0
E

[
|bk

sIk
s − b̃k

s Ĩk
s |2

]
ds +

∫ t

0
E

[
|σk

s Ik
s − σ̃k

s Ĩk
s |2

]
ds

)
,

where we denote φk
s := φk(s, Xs), φ̃k

s := φk(s, X̃s) for φ ∈ {b, σ}, Ik
s := 1s<τk

and Ĩk
s := 1s<τ̃k

.
Now observe that:

E
[
|bk

sIk
s − b̃k

s Ĩk
s |2

]
≤ E

[
|bk

s |2|Ik
s − Ĩk

s |
]

+ E
[
|bk

s − b̃k
s |2

]
≤ CE

[(
1 + |Xk

s |2
)
|Ik

s − Ĩk
s |

]
+ E

[
|Xk

s − X̃k
s |2

]
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≤ C

√
E

[(
1 + |Xk

s |4
)√

E
[
|Ik

s − Ĩk
s |

]
+ E

[
|Xk

s − X̃k
s |2

]
.

Using estimates similar to the proof of Lemma 4.2, we can show that E
[
|Xk

s |4
]

is bounded by
a constant depending on N and T only. Then, writing the same inequalities for the term in σ,
observing that ∫ t

0

√
E

[
|Ik

s − Ĩk
s |

]
≤

√
TE

[ ∫ T

0
|Ik

s − Ĩk
s |ds

]
=

√
TE

[
|τk − τ̃k|

]
,

and using Gronwall’s Lemma, we derive the desired result.

Lemma A.3. Let Assumption 4.1 holds. Let τ , τ̃ ∈ T N
p and denote by (Xh, I) and (X̃h, Ĩ) the

corresponding processes defined by (4.4), with X0 = X̃0. Then we have:

E
[

max
n∈[p]

|Xh
n − X̃h

n |2
]

≤ Cp,N

√
E

[
|τ − τ̃ |

]
for all n ∈ [p].

Proof. The result can be proven by adapting the same estimates as in the proof of Lemma A.2 to
the dynamics (4.4).
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