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Abstract

We establish quantitative convergence rates for finite-population approximations of mean
field control problems. We first consider finite-horizon discrete-time problems on an unbounded
state space, allowing for common noise and interactions through the joint empirical distribution
of states and controls. Under Lipschitz regularity of the mean field value functions and uniform
second-moment estimates, we derive explicit error bounds for the N -particle value functions. We
also construct a path-dependent example with an explicit optimal feedback, showing that the
dependence of the convergence exponent on the number of time steps is sharp. Finally, com-
bining these estimates with a uniform time-discretisation argument, we establish a logarithmic
convergence rate for continuous-time path-dependent McKean–Vlasov control problems with un-
controlled and possibly degenerate diffusion. Numerical experiments illustrate the dependence
of the discrete-time rate on path dimension and the effect of common noise in a controlled
Markovian model.
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1 Introduction
Mean field control problems arise as limits of cooperative control problems for large systems of
interacting agents, or alternatively as the problem of a central planner controlling a large system
of interacting agents. The controls are chosen jointly to optimise a common objective, in contrast
with mean field games (introduced by Lasry & Lions [19] and Huang, Caines & Malhamé [16]),
where the limiting problem describes the equilibrium of a non-cooperative population. The mean
field formulation replaces the empirical distribution of the particles by the law of a representative
controlled process, conditional on the common noise when present. A natural question is then to
quantify the error of this approximation at the level of the value functions. In this paper, we first
study this question in discrete time, allowing for common noise and interactions through the joint
distribution of states and controls. We then extend our results to the case of continuous-time control
problems, including path-dependent dynamics and rewards.

The qualitative convergence of large population control problems towards their mean field coun-
terparts has been established in fairly general settings. Lacker [18] develops a limit theory based
on controlled martingale problems, including the convergence of nearly optimal controls. Djete,
Possamaï and Tan [11] establish a general convergence result with common noise, together with the
equivalence between strong, weak and relaxed formulations. From a partial differential equation
perspective, Talbi [23] proves convergence of finite-dimensional approximations of viscosity solu-
tions on Wasserstein space, with an extension to path-dependent equations. These results provide
a qualitative justification of particle approximations, but do not yield a convergence rate.

Quantitative results depend substantially on the regularity and structure of the control prob-
lem. On a finite state space, Cecchin [8] obtains an N−1/2 rate for the value functions without a
convexity assumption. For equations on Wasserstein space admitting a sufficiently smooth solution,
Germain, Pham and Warin [15] derive an N−1 particle approximation error by backward stochastic
differential equation techniques. Jackson and Lacker [17] obtain sharp quantitative comparisons in
a displacement convex setting by studying the difference between full-information and distributed
controls. Smoothness of the data does not, however, imply global smoothness of the mean field value
function. Building on the regularity analysis of Cardaliaguet and Souganidis [5], Cardaliaguet, Jack-
son, Mimikos-Stamatopoulos and Souganidis [7] establish an N−1 rate on suitable compact subsets
of the region of strong regularity.

Global estimates without assuming a smooth mean field value function have been developed
along different lines. Cardaliaguet, Daudin, Jackson and Souganidis [6] prove an algebraic conver-
gence rate in the presence of idiosyncratic and common noises, using uniform regularity estimates
for the particle value functions and concentration inequalities. Daudin, Delarue and Jackson [10]
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obtain more precise rates for non-degenerate Markovian problems on the torus through regularisa-
tion of the limiting value function: an N−1/2 bound under stronger regularity assumptions on the
data, and a bound of order N−2/(3d+6)+η, for every η > 0, under their Wasserstein-Lipschitz and
semiconcavity assumptions. Cecchin, Daudin, Jackson and Martini [9] extend this regularisation
approach to common noise and possibly degenerate, state-dependent idiosyncratic diffusion. An
alternative analytic approach, based on infimum and supremum convolutions and viscosity compar-
ison on Wasserstein space, is developed by Bayraktar, Ekren and Zhang [2].

More recently, Munoz [22] obtains the empirical-measure ratesN−1/d for d ≥ 3 andN−1/2√
logN

for d = 2 on the torus, with additive non-degenerate diffusion, a regular uniformly convex control
cost and merely Wasserstein-Lipschitz mean field costs. The control-theoretic proof uses repeated
optimal-transport recouplings and extends to additive common noise.

In discrete time, Gast and Gaujal [14] prove finite-horizon optimal-value convergence for popu-
lations of finite-state agents. Quantitative comparisons with common noise are developed by Motte
and Pham [20; 21]. Their quantitative analysis concerns discounted infinite-horizon problems with
common noise on compact state and action spaces. The value error is bounded by a power of an
empirical-measure error, with an exponent reflecting the regularity of the value function. Their
argument already relies on a comparison of the finite-population and mean field Bellman operat-
ors. Related path-dependent quantitative results are obtained by Bouchard and Tan [4] when only
the drift is controlled. In their setting, mean field controls are adapted only to the common-noise
filtration, and the finite-population controller applies an identical signal to all agents.

We also mention the contribution of Bokanowski, Chassagneux, Li and Reisinger [3, Theor-
ems 3.6 and 5.2], who derive bounds for time discretisation and particle approximation, with a
particle exponent depending on the dimension of the discretised path space. Their particle approx-
imation uses the same feedback function for every particle, evaluated at that particle’s initial state
and past Brownian increments.

Our objective is to obtain finite-horizon estimates on an unbounded state space which remain
quantitative when the state is enlarged to include the past trajectory. The main assumptions concern
Wasserstein-Lipschitz continuity of the mean field value functions, continuity of the particle values,
and uniform second-moment estimates. We do not assume differentiability or semiconcavity of the
value functions, nor regularity of optimal feedbacks. A central point is that a propagation-of-chaos
estimate for a fixed feedback does not suffice to compare the optimised values: the particle controller
may use the information contained in the whole particle system. We address this difficulty directly
at the level of the dynamic programming equations.

More precisely, let p be the number of time steps and let

µN
x := 1

N

N∑
i=1

δxi , mN
2 (x) := 1

N

N∑
i=1

|xi|2.

In the Markovian setting, under an additional absolute-continuity assumption on the one-step con-
ditional transition laws, Theorem 2.2 gives∣∣V N

0 (x) − V0(µN
x )
∣∣ ≤ C

(
1 +mN

2 (x)
)
pRN,d, (1.1)

where V0 and V N
0 denote respectively the value functions of the mean field and the finite population

problems, and

RN,d :=


N−1/2(log(1 +N)

)1/2
, d = 1,

N−1/2(log(1 +N)
)3/2

, d = 2,

N−1/d, d ≥ 3.

The constant C is independent of N and p when the regularity and moment constants are uniform
in p. The estimate allows common noise and dependence on the joint state-control distribution.
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The proof compares the two one-step optimisation problems at empirical measures. At a config-
uration with pairwise distinct positions, every particle action vector can be realised by a measurable
individual-state feedback on that configuration. Conditionally on the current configuration and the
next common-noise increment, the subsequent particle positions are independent, but need not have
the same distribution. Their average conditional law coincides with the next mean field law. We
therefore adapt the empirical Wasserstein estimates of Fournier and Guillin [13] to independent,
non-identically distributed variables and use the Lipschitz continuity of the mean field value func-
tions to control the one-step error. Iterating this comparison gives the factor p in (1.1). Continuity
then extends the estimate to initial configurations with coinciding positions.

For path-dependent dynamics, the same argument is applied to the stopped processes. The
main additional issue is to control the constants in the empirical-measure estimate as the dimension
d(p+1) of the discrete path space increases. Using the supremum norm on discrete trajectories and
adapting the explicit bounds of Fournier [12], we obtain a constant independent of the number of
dates. This yields, in Theorem 2.4, the bound∣∣V N

0 (ω) − V0(µN
ω )
∣∣ ≤ C

(
1 +mN

2 (ω)
)
pN−1/[d(p+1)].

The uniformity of C in p is essential for the continuous-time application, in which the number of
dates must increase with N .

Section 2.5 presents a scalar path-dependent example with an explicit optimal feedback over
the full mean field and particle control classes. For midpoint initial configurations, the value gap
has order N−1/(p+1) for every fixed p ≥ 2, attaining the exponent in Theorem 2.4 when d = 1.
Section 4 compares Monte Carlo estimates of this gap with computable finite-N bounds and studies
controlled Markovian models with and without common noise.

We finally derive a quantitative continuous-time population bound for path-dependent problems
without common noise, with a controlled drift and an uncontrolled, possibly degenerate, diffusion.
Under Lipschitz assumptions formulated with the L2-norm on paths and a closedness and convexity
condition on the attainable drift-reward pairs, we adapt the mean field time-discretisation argument
of [3] to the particle problem and obtain an error of order h1/4 with a constant independent of N .
We show that open-loop controls and suitable randomised feedback controls give the same value
functions for the time-discretised problems, and establish the required regularity estimates uniformly
in the grid. Combining these estimates gives an explicit bound in both N and p, from which we
choose the mesh as a function of the population size. For h = T/p, the bound is∣∣V N

0 (x) − V0(µN
x )
∣∣ ≤ C

(
1 +mN

2 (x)
) (
h1/4 + pN−1/[d(p+1)]

)
.

Figure 1 summarises the three comparisons leading to this bound. Here UN,π
0 and Uπ

0 are the
value functions of the particle and mean field problems after time discretisation on a uniform grid
π of step h = T/p.

Choosing p of order logN/ log logN with a suitable proportionality constant yields

∣∣V N
0 (x) − V0(µN

x )
∣∣ ≤ C

(
1 +mN

2 (x)
) ( log logN

logN

)1/4

for sufficiently large N . This logarithmic estimate reflects the increasing dimension of the discretised
path space. We do not claim that it is sharp.

The paper is organised as follows. Section 2 presents the discrete-time problems and proves the
Markovian and path-dependent convergence estimates. Section 3 combines our discrete-time rates
with time-discretisation error bounds to derive convergence rates for continuous-time problems,
including the path-dependent case. Section 4 provides numerical illustrations of the value errors
and of the dimension dependence of the empirical path-law approximation. The empirical-measure
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Continuous time,
N particles
V N

0 (x)

Continuous
time, mean field

V0(µN
x )

Euler scheme,
N particles
UN,π

0 (x)

Euler scheme,
mean field
Uπ

0 (µN
x )

Population convergence
Theorem 3.3

h1/4, uniform in N
Lemma C.1

h1/4

Corollary C.2

Fixed p
pN−1/[d(p+1)]

Lemma 3.2

Figure 1: Comparison of the four optimal values for the path-dependent problem without common
noise, with h = T/p. Solid arrows give error bounds with the factor C(1 + mN

2 (x)) suppressed,
where C is independent of N and p. The dashed arrow follows by combining these bounds and
choosing p = p(N) so that both error terms vanish.

estimates, the uniform time-discretisation argument, and the randomised Euler formulation are
detailed in the appendices.

Notations. For a measurable space E, we denote by L0(E,A) the set of measurable maps from
E to A. For q ≥ 1, when (E, d) is a metric space, we denote by Pq(E) the q-Wasserstein space of
probability measures on E, endowed with the distance:

Wq(µ, ν) := min
Q∈Γ(µ,ν)

( ∫
E×E

dq(x, y)Q(dx, dy)
)1/q

,

with Γ(µ, ν) the set of couplings of µ and ν. Given x := (x1, . . . , xN ) ∈ EN , we denote by µN
x the

empirical measure on E defined by µN
x := 1

N

∑N
k=1 δxk

.

2 Convergence rate for the discrete time problem

2.1 The mean field control problem in discrete time

We fix a finite time horizon p ∈ N∗ and a probability space (Ω,F ,P), endowed with a filtration
F := (Fn)n∈[p]. Let {εn}n∈[p]∗ and {ε0

n}n∈[p]∗ be two independent sequences of i.i.d. random variables
adapted to F and such that (εn+1, ε

0
n+1) is independent of Fn for all n ∈ [p− 1]. We denote by λε

the common distribution of the εn, n ∈ [p]∗.
Given F : [p] × Rd × P1(Rd × A) × A × RK × RK′ → Rd, we define the controlled process

Xα : [p] × Ω → Rd by the dynamics:

Xα
n+1 = Fn(Xα

n , ν
0,α
n , αn, εn+1, ε

0
n+1), ν0,α

n := P ◦ (Xα
n , αn|F0

n)−1, (2.1)

where X0 ∈ L2(Ω,F0,P), and F0
n := σ(ε0

1, . . . , ε
0
n),F0

0 := {∅,Ω}. We also introduce:

µ0,α
n := P ◦ (Xα

n | F0
n)−1, n ∈ [p].

We denote by A the class of closed-loop controls of the form

αn = an(Xα
n , µ

0,α
n ), an : Rd × P1(Rd) −→ A, n ∈ [p− 1].

The law µ0,α
n is determined by the controls up to time n − 1; it is therefore available before the

choice of αn.
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Given Borel maps fn : Rd × P1(Rd × A) × A → R, n ∈ [p− 1], and g : P1(Rd) → R, we consider
the control problem

Vn(µ) := sup
α∈A

E

p−1∑
k=n

fk(Xα
k , ν

0,α
k , αk) + g(µ0,α

p )

 , µ0,α
n = µ a.s. (2.2)

The running rewards are assumed integrable under admissible controls, and all value functions con-
sidered below are finite.

Dynamic programming principle. We justify the existence of a dynamic programming prin-
ciple for the control problem (2.2). Observe that the control problem (2.2) can be rewritten as the
standard finite-horizon Markov Decision Process (MDP) problem:

V0(µν
0) = sup

(ν0,...,νp−1)
E

p−1∑
k=0

rk(νk) + g(µν
p)

 , (2.3)

with state process µν driven by:

µν
n+1 =

(
(x, a, z) 7→ Fn(x, νn, a, z, ε

0
n+1)

)
#

(νn(dx, da) ⊗ λε(dz))

=: Φn(νn, ε
0
n+1), (2.4)

actions νn ∈ Γ(µν
n), where Γ(µ) := {(Id, a(·, µ))#µ : a ∈ L0(Rd × P1(Rd),A)}, and

rn(ν) :=
∫
Rd×A

fn(x, ν, a) ν(dx, da).

Then, under standard measurability and integrability assumptions, we have the Bellman equation
for the MDP problem:

Vn(µ) = sup
ν∈Γ(µ)

{
rn(ν) + E

[
Vn+1

(
Φn(ν, ε0

n+1)
)]}

.

By definition of Γ(µ), this yields immediately the dynamic programming principle:

Vn(µ) = sup
a∈L0(Rd×P1(Rd),A)

E
[
fn(Xα

n , ν
α
n , a(Xn, µ)) + Vn+1(Φn(να

n , ε
0))|Xα

n , ε
0
·

]
, (2.5)

where να
n = P ◦

(
Xα

n , a(Xα
n , µ) | ε0)−1.

2.2 The N-particle problem in discrete time

For N ∈ N∗, we define the N -particle problem:

V N
n (x) := sup

α∈AN

E
[

1
N

N∑
i=1

p−1∑
k=n

fk

(
Xi,α

k , µN
(Xα

k
,αk), α

i
k

)
+ g(µN

Xα
p

)
]
, (2.6)

where Xα := (Xα,1, . . . , Xα,N ) is a solution to:

Xα,j
m+1 = Fm(Xα,j

m , µN
(Xα

m,αm), α
j
m, ε

j
m+1, ε

0
m+1), Xα

n = x. (2.7)

with (εj)j∈[N ]∗ i.i.d. copies of ε, independent of the common-noise sequence. Denote by AN the set
of Markovian feedback controls

αn = an(Xα
n ), an : (Rd)N −→ AN measurable, n ∈ [p− 1].

6



2.3 Convergence rate

Assumption 2.1. (i) x 7→ V N
0 (x) is continuous, and there exists a constant L such that:

sup
n∈[p]

|Vn(µ) − Vn(ν)| ≤ LW1(µ, ν) for all µ, ν ∈ P1(Rd).

(ii) There exists a constant C ≥ 0, independent of N and p, such that, for every N ≥ 1 and
x ∈ (Rd)N ,

sup
α∈AN

1
N

N∑
k=1

E
[

sup
n∈[p]

|Xk,α
n |2

]
≤ C

(
1 +mN

2 (x)
)
,

where mN
2 (x) := N−1∑N

k=1 |xk|2 and the particle system starts from Xα
0 = x.

(iii) For every n, every (x, µ, a, z), the law of Fn(x, µ, a, ·, z)#λε is absolutely continuous with respect
to the Lebesgue measure on Rd.

Theorem 2.2. Let Assumption 2.1 hold. Then we have, for some constant C ≥ 0:

|V0(µN
x ) − V N

0 (x)| ≤ C(1 +mN
2 (x))pRN , for all x ∈ (Rd)N ,

where:

RN :=


N−1/2(log(1 +N))1/2 if d = 1,
N−1/2(log(1 +N))3/2 if d = 2,
N−1/d if d ≥ 3.

Proof. We write the proof for fn = 0 to simplify the notation. Let us fix x = (x1, . . . , xN ) ∈ (Rd)N .
Step 1: We first assume that x ∈ XN

̸= := {y ∈ (Rd)N : yi ̸= yj for all i ̸= j}. For each α ∈ AN ,
we consider the particle system (2.7) starting from Xα

0 = x. Conditionally on σ(Xα
n ) ∨ F0

n+1, the
positions at time n + 1 are independent and their laws are absolutely continuous by Assumption
2.1(iii), implying that these positions coincide with probability zero. Thus, Xα

n ∈ XN
̸= almost surely

for all n ∈ [p].
Now, for all n ∈ [p] and y ∈ (Rd)N , we define

∆N
n (y) := |Vn(µN

y ) − V N
n (y)|,

where Vn and V N
n respectively correspond to the value functions (2.2) and (2.6) starting from time

n. Let n ∈ [p−1], and let α be an arbitrary admissible control prefix up to time n−1. For a ∈ AN ,
we denote by α ⊕n a the process defined on [n] × Ω by (α ⊕n a)m = αm1m≤n−1 + a1m=n. We also
set:

Gα
n+1 := σ(Xα

n ) ∨ F0
n+1.

Recall also the map Φn defined in (2.4). By (2.5) and the classical dynamic programming
principle for (2.6), we have:

∆N
n (Xα

n ) =
∣∣∣∣∣ sup

a∈L0(Rd×P1(Rd),A)
E
[
Vn+1

(
Φn(νa

n, ε
0
n+1)

) ∣∣∣Xα
n

]

− sup
a∈AN

E
[
V N

n+1
(
Xα⊕na

n+1
) ∣∣∣Xα

n

]∣∣∣∣∣, (2.8)

with, for a ∈ L0(Rd × P1(Rd),A), νa
n :=

(
Id, a(·, µN

Xα
n

)
)

#µ
N
Xα

n
. We also write:

a(y) := (a(y1, µ
N
y ), . . . , a(yN , µ

N
y )).
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Then:

νa
n = 1

N

N∑
k=1

δ(Xk,α
n ,a(Xk,α

n ,µN
Xα

n
)),

and the definition of Φn gives

Φn(νa
n, ε

0
n+1) = 1

N

N∑
k=1

P ◦
(
X

k,α⊕na(Xα
n )

n+1

∣∣∣Gα
n+1

)−1
.

Since Xα
n ∈ XN

̸= almost surely, every vector (a1, . . . , aN ) ∈ AN can be realised, at each fixed
configuration, by setting a(Xk,α

n , µN
Xα

n
) = ak. Hence, setting

µ0,α,a
n+1 := 1

N

N∑
k=1

P ◦
(
Xk,α⊕na

n+1

∣∣∣Gα
n+1

)−1
,

we may unify the two suprema in (2.8) and obtain:

∆N
n (Xα

n ) ≤ sup
a∈AN

E
[∣∣Vn+1(µ0,α,a

n+1 ) − V N
n+1(Xα⊕na

n+1 )
∣∣ ∣∣∣Xα

n

]
≤ sup

a∈AN

E
[
LW1

(
µ0,α,a

n+1 , µ
N
Xα⊕na

n+1

)
+ ∆N

n+1(Xα⊕na
n+1 )

∣∣∣Xα
n

]
,

where we used Assumption 2.1(i). Conditionally on Gα
n+1, the next particle positions are independ-

ent, with average conditional law µ0,α,a
n+1 . Applying the second-moment estimate (A.1) of Lemma

A.1, with q = 1 and q′ = 2, and then the tower property, gives

∆N
n (Xα

n ) ≤ sup
a∈AN

E
[
CM

1/2
2 (µ0,α,a

n+1 )RN + ∆N
n+1(Xα⊕na

n+1 )
∣∣∣Xα

n

]
, (2.9)

where:

M2(µ0,α,a
n+1 ) :=

∫
Rd

|x|2µ0,α,a
n+1 (dx) = 1

N

N∑
k=1

E
[
|Xk,α⊕na

n+1 |2
∣∣∣Gα

n+1

]
.

Fix now δ > 0. Let aδ
n : (Rd)N → AN be a measurable map which is δ/p-optimal for the entire

supremum in (2.9). Write aδ := aδ
n(Xα

n ). Taking expectations, we obtain

E
[
∆N

n (Xα
n )
]

≤ CRNE
[
M

1/2
2 (µ0,α,aδ

n+1 )
]

+ E
[
∆N

n+1(Xα⊕naδ

n+1 )
]

+ δ

p
.

By Jensen’s inequality, the tower property, and Assumption 2.1(ii), we obtain:

E
[
M

1/2
2 (µ0,α,aδ

n+1 )
]

≤
(

1
N

N∑
k=1

E
[
|Xk,α⊕naδ

n+1 |2
])1/2

≤ C
(
1 +mN

2 (x)
)1/2 ≤ C

(
1 +mN

2 (x)
)
.

where C denotes in each inequality a generic nonnegative constant, independent of p and N . There-
fore,

E
[
∆N

n (Xα
n )
]

≤ C
(
1 +mN

2 (x)
)
RN + E

[
∆N

n+1(Xα⊕naδ

n+1 )
]

+ δ

p
. (2.10)
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Iterating this construction, and observing that ∆N
p = 0, we obtain by backward induction:

∆N
0 (x) ≤ C

(
1 +mN

2 (x)
)
pRN +

p−1∑
n=0

δ

p
= C

(
1 +mN

2 (x)
)
pRN + δ.

Letting δ → 0 yields
∆N

0 (x) ≤ C
(
1 +mN

2 (x)
)
pRN .

Step 2: We now assume x /∈ XN
̸= . Then, for η arbitrarily small, we may construct xη such that

xη ∈ XN
̸= and |x − xη| ≤ η. Then, applying the result of Step 1, we have:

∆N
0 (xη) ≤ C(1 +mN

2 (xη))pRN .

Letting η → 0 gives the desired inequality, as mN
2 and V N

0 are continuous, while W1(µN
xη , µN

x ) ≤
N−1∑N

k=1 |xη
k − xk| → 0 and V0 is Lipschitz by Assumption 2.1(i).

2.4 Extension to the path-dependent case

We now extend our results to the case where the controlled dynamics are not Markovian. For
n ∈ [p], set

En := (Rd)n+1, |ω|∞,n := max
0≤k≤n

|ωk|.

Denote by W1,∞,n the Wasserstein distance induced by | · |∞,n and, for m ∈ P2(En), set

M2,∞,n(m) :=
∫

En

|ω|2∞,nm(dω).

For ω = (ω1, . . . , ωN ) ∈ EN
n , define

mN
2 (ω) := 1

N

N∑
k=1

|ωk|2∞,n = M2,∞,n(µN
ω ).

We also set
EN

n, ̸= :=
{

(ω1, . . . , ωN ) ∈ EN
n : ωi ̸= ωj for all i ̸= j

}
.

For every n ∈ [p− 1], let Fn : En × P1(En × A) × A × RK × RK′ → Rd. Let Xα be defined by the
dynamics:

Xα
n+1 = Fn(Xα

·∧n, ν
0,α
n , αn, εn+1, ε

0
n+1), ν0,α

n = P ◦ (Xα
·∧n, αn|ε0

· )−1, (2.11)

where X0 ∈ L2(Ω,F0,P). Also set:

m0,α
n := P ◦ (Xα

·∧n | ε0)−1, n ∈ [p].

In this subsection, A denotes the class of feedback controls:

αn = an(Xα
·∧n,m

0,α
n ), an : En × P1(En) −→ A, n ∈ [p− 1].

Given Borel running rewards fk : Ek × P1(Ek × A) × A → R and g : P1(Ep) → R, the value
function of the path-dependent mean field control problem is

Vn(m) := sup
α∈A

E

p−1∑
k=n

fk(Xα
·∧k, ν

0,α
k , αk) + g(m0,α

p )

 , m0,α
n = m a.s. (2.12)

9



For a ∈ L0(En × P1(En),A), let

νm,a :=
(

Id, a(·,m)
)

#m,

Φn(νm,a, z0) :=
(
(ω, a, z) 7→ ω ⊕n+1 Fn(ω, νm,a, a, z, z0)

)
#

(νm,a(dω, da) ⊗ λε(dz)),

where ω ⊕n+1 x := (ω0, . . . , ωn, x) ∈ En+1 for ω ∈ En. Therefore:

m0,α
n+1 = Φn

(
νm,a, ε0

n+1
)
,

and, as in the Markovian case, the following dynamic programming principle holds:

Vn(m) = sup
a∈L0(En×P1(En),A)

E
[
fn(Xα

·∧n, ν
m,a, a(X·∧n,m)) + Vn+1(Φn(νm,a, ε0))|Xα

·∧n, ε
0
·

]
. (2.13)

Again, we define the corresponding N -particle problem:

V N
n (ω) := sup

α∈AN

E
[

1
N

N∑
i=1

p−1∑
k=n

fk

(
Xi,α

·∧k, µ
N
(Xα

·∧k
,αk), α

i
k

)
+ g(µN

Xα
·

)
]

(2.14)

where Xα := (Xα,1, . . . , Xα,N ) is a solution to:

Xα,j
t+1 = Ft(Xα,j

·∧t , µ
N
(Xα

·∧t,αt), α
j
t , ε

j
t+1, ε

0
t+1), Xα

·∧n = ω. (2.15)

with (εj)j∈[N ]∗ i.i.d. copies of ε. Again, AN is the set of closed-loop controls: for each n, αn =
an(Xα

·∧n), where an : EN
n → AN is measurable.

Assumption 2.3. (i) ω 7→ V N
0 (ω) is continuous, and there exists a constant L such that:

|Vn(m) − Vn(m′)| ≤ LW1,∞,n(m,m′) for all n ∈ [p], m,m′ ∈ P1(En).

(ii) There exists a constant C ≥ 0, independent of N and p, such that, for every n ∈ [p], N ≥ 1 and
ω = (ω1, . . . , ωN ) ∈ EN

n ,

sup
α∈AN

1
N

N∑
k=1

E
[
|Xk,α

· |2∞,p

]
≤ C

(
1 +mN

2 (ω)
)
,

with Xα
·∧n = ω.

Note that no absolute-continuity assumption is needed here: distinct stopped paths remain
distinct after extension, even if their current positions coincide.

We now present our convergence rate for the discrete time non-Markovian problem. We assume
without loss of generality that p ≥ 2.

Theorem 2.4. Let Assumption 2.3 hold. Then we have, for some constant C ≥ 0, for all ω ∈ EN
0 :

|V0(mN
ω ) − V N

0 (ω)| ≤ C(1 +mN
2 (ω))pN− 1

d(p+1) .

Proof. As in the proof of Theorem 2.2, we write the argument for fk = 0. We fix ω = (ω1, . . . , ωN ) ∈
EN

0, ̸=. For every n ∈ [p] and every ω̃ ∈ EN
n , we define

∆N
n (ω̃) :=

∣∣Vn(µN
ω̃

) − V N
n (ω̃)

∣∣.
For any particle control α ∈ AN , we consider the particle system starting from Xα

·∧0 = ω. Since the
initial paths ω1, . . . , ωN are pairwise distinct, we have Xα

·∧n ∈ EN
n,̸= for all n ∈ [p], almost surely, as

two distinct paths in En remain distinct after being extended to paths in En+1.
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Let n ∈ [p− 1], and let α be an arbitrary admissible control prefix up to time n− 1. Set

Gα
n+1 := σ(Xα

·∧n) ∨ F0
n+1.

By (2.13) and the classical dynamic programming principle for (2.14), we have:

∆N
n

(
Xα

·∧n

)
=
∣∣∣∣∣ sup

a∈L0(En×P1(En),A)
E
[
Vn+1

(
Φn(νa

n, ε
0
n+1)

) ∣∣∣Xα
·∧n

]
− sup

a∈AN

E
[
V N

n+1
(
Xα⊕na

·∧n+1
) ∣∣∣Xα

·∧n

]∣∣∣∣∣,
(2.16)

where νa
n :=

(
Id, a(·, µN

X·∧n
)
)

#µ
N
Xα

·∧n
. For a ∈ L0(En × P1(En),A), set

a(ω) := (a(ω1, µN
ω ), . . . , a(ωN , µN

ω )).

Then

νa
n = 1

N

N∑
k=1

δ(Xk,α
·∧n ,a(Xk,α

·∧n ,µN
X·∧n

)),

and

Φn(νa
n, ε

0
n+1) = 1

N

N∑
k=1

P ◦
(
X

k,α⊕na(Xα
·∧n)

·∧n+1

∣∣∣Gα
n+1

)−1
.

Since Xα
·∧n ∈ EN

n,̸= almost surely, any prescribed vector of actions can be realised by a measurable
a on the finite set of distinct stopped paths. Thus, at each time n, the two action sets in (2.16)
may be identified. For a ∈ AN , we write

m0,α,a
n+1 := 1

N

N∑
k=1

P ◦
(
Xk,α⊕na

·∧n+1

∣∣∣Gα
n+1

)−1
.

It then follows from (2.16) that

∆N
n

(
Xα

·∧n

)
≤ sup

a∈AN

E
[∣∣∣Vn+1

(
m0,α,a

n+1
)

− V N
n+1

(
Xα⊕na

·∧n+1
)∣∣∣ ∣∣∣Xα

·∧n

]

≤ sup
a∈AN

E
[
LW1,∞,n+1

(
m0,α,a

n+1 ,m
N
Xα⊕na

·∧n+1

)
+ ∆N

n+1
(
Xα⊕na

·∧n+1
) ∣∣∣Xα

·∧n

]
.

Set RN := N
− 1

d(p+1) . By Assumption 2.3(i) and Lemma A.2, applied conditionally on Gα
n+1, we

obtain

∆N
n

(
Xα

·∧n

)
≤ sup

a∈AN

E
[
CM

1/2
2,∞,n+1

(
m0,α,a

n+1
)
RN + ∆N

n+1
(
Xα⊕na

·∧n+1
) ∣∣∣Xα

·∧n

]
, (2.17)

where we used the fact that the constant-extension map

ιn+1,p(ω0, . . . , ωn+1) := (ω0, . . . , ωn+1, ωn+1, . . . , ωn+1)

is an isometry from (En+1, | · |∞,n+1) into (Ep, | · |∞,p). Lemma A.2, applied to the push-forward
conditional laws under ιn+1,p, therefore gives the rate N−1/[d(p+1)] with a constant depending only
on the physical dimension d. Moreover,

M2,∞,p
(
(ιn+1,p)#m

)
= M2,∞,n+1(m), m ∈ P2(En+1),
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so the moment appearing in Lemma A.2 is exactly the one associated with | · |∞,n+1. In particular,
the constant C in (2.17) is independent of p.

Thus,

M2,∞,n+1(m0,α,a
n+1 ) =

∫
En+1

|ω|2∞,n+1m
0,α,a
n+1 (dω)

= 1
N

N∑
k=1

E
[
|Xk,α⊕na

·∧n+1 |2∞,n+1

∣∣∣Gα
n+1

]
.

Fix δ > 0. By the measurable-selection convention stated above, choose a measurable map
aδ

n : EN
n → AN which is δ/p-optimal for the entire supremum in (2.17). Setting aδ := aδ

n(Xα
·∧n)

and taking expectations gives

E
[
∆N

n (Xα
·∧n)

]
≤ CRNE

[
M

1/2
2,∞,n+1(m0,α,aδ

n+1 )
]

+ E
[
∆N

n+1(Xα⊕naδ

·∧n+1 )
]

+ δ

p
.

By Jensen’s inequality, the tower property, and Assumption 2.3(ii), we obtain:

E
[
M

1/2
2,∞,n+1(m0,α,aδ

n+1 )
]

≤
(

1
N

N∑
k=1

E
[
|Xk,α⊕naδ

·∧n+1 |2∞,n+1

])1/2

≤ C
(
1 +mN

2 (ω)
)1/2 ≤ C

(
1 +mN

2 (ω)
)
.

Consequently,

E
[
∆N

n (Xα
·∧n)

]
≤ C

(
1 +mN

2 (ω)
)
RN + E

[
∆N

n+1(Xα⊕naδ

·∧n+1 )
]

+ δ

p
. (2.18)

As in the proof of Theorem 2.2, using the fact that ∆N
p = 0, we obtain:

∆N
0 (ω) ≤ C

(
1 +mN

2 (ω)
)
pRN +

p−1∑
n=0

δ

p
= C

(
1 +mN

2 (ω)
)
pRN + δ.

Letting δ → 0, we conclude that

|V0(mN
ω ) − V N

0 (ω)| ≤ C
(
1 +mN

2 (ω)
)
pN

− 1
d(p+1) .

The extension to ω /∈ EN
0, ̸= follows by an argument similar to that in Step 2 of the proof of

Theorem 2.2.

2.5 An explicit feedback example with a full path-law rate

We construct a path-dependent model in the full control classes of (2.12) and (2.14), with an explicit
optimal feedback and a value gap of order N−1/(p+1) for fixed p.

Fix p ≥ 2, set D = p+1, and write UD for the uniform law on [0, 1]D. In the notation of (2.11)–
(2.12) and their N -particle counterparts (2.15)– (2.14), take d = K = K ′ = 1, the action space
A = [−A,A], idiosyncratic noises εn+1 = ξn+1 ∼ U [0, 1] independent across dates and particles,
and the degenerate common noise ε0

n+1 = 0. Let Bn, ϕn : En → R be nonanticipative maps whose
supremum norms and Lipschitz constants are bounded uniformly in n and p, with |ϕn| ≤ A. For
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example, both maps may be nonzero multiples of tanh(max0≤k≤n ωk). For ω ∈ En, ν ∈ P1(En ×A),
a ∈ A, and z, z0 ∈ R, the transition map is

Fn(ω, ν, a, z, z0) := Bn(ω) + a+ z,

Xα
n+1 = Fn(Xα

·∧n, ν
0,α
n , αn, ξn+1, 0) = Bn(Xα

·∧n) + αn + ξn+1,

Xi,α
n+1 = Bn(Xi,α

·∧n) + αi
n + ξi

n+1, i = 1, . . . , N.
(2.19)

For the terminal reward, use the fixed set of integer resolutions

S := {⌈2k/4⌉ : k = 0, 1, 2, . . .} = {1, 2, 3, 4, 5, 6, 7, 8, 10, . . .}.

For q ∈ S, let Qq be the cubes of side hq = 1/q in the regular partition of [0, 1]D. If Q =∏p
ℓ=0[bℓ, bℓ + hq], define the tent function on RD by

ψq,Q(z) :=
(

min
0≤ℓ≤p

{zℓ − bℓ, bℓ + hq − zℓ}
)

+
, HD(ν) := sup

q∈S

∑
Q∈Qq

∣∣∣∣∫ ψq,Q d(ν − UD)
∣∣∣∣ .

The functional HD compares the joint path law with UD using smoothed histograms. The tents
replace bin indicators and downweight paths near cell boundaries; absolute values prevent cancel-
lation between cells, and the supremum selects the largest discrepancy. The resolution set S is
independent of N , contains all dyadic powers, and includes intermediate scales. Each signed sum∑

Q∈Qq
sQψq,Q, sQ ∈ {−1, 1}, is 1-Lipschitz for the maximum norm: the tents have disjoint interiors

and vanish on their boundaries. Consequently,

|HD(ν) −HD(ν ′)| ≤ W1,∞,p(ν, ν ′), 0 ≤ HD(ν) ≤ W1,∞,p(ν, UD). (2.20)

The integral of one tent under UD is ∫
ψq,Q dUD =

hD+1
q

2(D + 1) . (2.21)

For ω ∈ Ep, define its residual path R(ω) ∈ RD by

R0(ω) = ω0, Rn+1(ω) = ωn+1 −Bn(ω0:n) − ϕn(ω0:n).

The states Xn take values in R. Under the feedback αn = ϕn(X·∧n), the residual path is R(X0:p) =
(X0, ξ1, . . . , ξp) and lies in [0, 1]D when X0 ∈ [0, 1]. Other controls may move residuals outside this
cube, where the tents vanish. Since the tents are defined on all of RD, HD(R#m) is well defined
for every admissible path law. Choose λ > 0 and ρ > λ. For ω ∈ En, ν ∈ P1(En × A), a ∈ A, and
m ∈ P1(Ep), the rewards in (2.12) and (2.14) are

fn(ω, ν, a) = −ρ|a− ϕn(ω)|, g(m) = −λHD(R#m). (2.22)

This is a calibration problem with costly interventions: Bn is a history-based prediction, ϕn the pre-
ferred action, and the later coordinates of R are the innovations inferred after subtracting both. The
terminal reward compares the joint law of the initial position and inferred shocks with independent
uniforms, while the running reward charges deviations from ϕn. Under the preferred feedback and
a uniform X0, the residual law is exactly UD; the midpoint grid used below approximates this ini-
tial law. A particle controller might improve empirical calibration by changing actions, but ρ > λ
makes the intervention cost dominant. This is a stylised model in which the law dependence is in
the terminal reward, and the value gap isolates path-law sampling.
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In the notation of the framework, with no common noise, ν0,α
n = L(Xα

·∧n, αn) and m0,α
n =

L(Xα
·∧n), and m0,α

p = L(Xα
0:p) in the notation above. The admissible controls are:

αn = an(Xα
·∧n,m

0,α
n ), αn = an(Xα

·∧n),

where an : En × P1(En) → A and an : EN
n → AN are measurable. In particular, an may use the

whole stopped-path configuration. For an initial law m ∈ P2(E0) and initial configuration x ∈ EN
0 ,

with L(Xα
0 ) = m and Xα

0 = x, the two problems specialise to

V0(m) = sup
α∈A

−ρE
p−1∑
n=0

|αn − ϕn(Xα
·∧n)| − λHD

(
R#L(Xα

0:p)
) ,

V N
0 (x) = sup

α∈AN

E

− ρ

N

N∑
i=1

p−1∑
n=0

|αi
n − ϕn(Xi,α

·∧n)| − λHD

(
R#m

N
Xα

·

) .
(2.23)

Proposition 2.5 (Full feedback optimiser and path-law exponent). For the full control problems
(2.23), with data (2.19) and (2.22), the feedback

a⋆
n(ω,m) = ϕn(ω), a⋆

n(ω) = (ϕn(ω1), . . . , ϕn(ωN ))

is optimal in the full mean-field and N -particle control classes, for every admissible initial law and
every initial particle configuration. Assumption 2.3 holds with constants independent of p and N .

In particular, take the deterministic initial configuration xi = (i− 1
2)/N , 1 ≤ i ≤ N , and set

ν̄N := mN
x ⊗ U [0, 1]p, ν̂N := 1

N

N∑
i=1

δ(xi,ξi
1,...,ξi

p).

Then the value gap of Theorem 2.4 is exactly

∆N (p) := V0(mN
x ) − V N

0 (x) = λ
{
E[HD(ν̂N )] −HD(ν̄N )

}
≥ 0. (2.24)

For D = p+ 1 ≥ 3, define

Cdense
D := 4√

2D(D + 1)(1 − 21−D/2)
+ 16
D
, cp := λe−5/3

8(p+ 2) .

Whenever Np/(p+1) ≥ 2(p+ 2)e5/3,

cpN
−1/(p+1) ≤ ∆N (p) ≤ λCdense

D N−1/(p+1). (2.25)

The upper bound holds for every N ≥ 1. Moreover, Cdense
D ≤ Cdense

3 for all D ≥ 3, so the upper
constant can be chosen independently of p.

The proof is given in Appendix B.1.
Under the optimal feedback, the residual paths are (xi, ξ

i
1, . . . , ξ

i
p). For N = qD and q ∈ S,

each path cube of side h = 1/q has qD−1 particles whose initial positions lie in its first-coordinate
interval. Each places its remaining coordinates in the cube with probability q−(D−1). The expected
occupancy is one, and the probability of being empty is(

1 − q−(D−1))qD−1
−→ e−1 as q → ∞.

Each empty cube contributes hD+1/[2(D+1)] to the discrepancy. Summing over the qD cubes gives
an expected contribution of order h = N−1/D, explaining the exponent. Retaining n + 1 residual
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coordinates gives qn+1 cells with average occupancy N/qn+1; each additional coordinate divides this
occupancy by q. The target UD is independent of N , and the midpoint initial law contributes an
O(N−1) correction by (B.2). For fixed p, the proposition bounds N1/(p+1)∆N (p) above and away
from zero for sufficiently large N . The maximising resolution may vary with N .

Corollary B.1 in Appendix B gives computable bounds on ∆N (p) for every N ≥ 1 and p ≥ 2,
using finitely many resolutions and a deterministic bound for the remaining ones. Figure 5 compares
them with Monte Carlo estimates.

3 Convergence rate for continuous time problems
We combine the discrete-time particle convergence rates of Theorems 2.2 and 2.4 with time-
discretisation error bounds to obtain quantitative convergence rates for continuous-time control
problems.

3.1 The path-dependent control problems

For ω ∈ X := C([0, T ];Rd), set

|ω|2 :=
(∫ T

0
|ωs|2ds

)1/2

, |ω|∞ := sup
s∈[0,T ]

|ωs|,

and define the Wasserstein distances:

W1,2(m,m′) := inf
γ∈Π(m,m′)

∫
X ×X

|ω − ω′|2 γ(dω, dω′),

W1,∞(m,m′) := inf
γ∈Π(m,m′)

∫
X ×X

|ω − ω′|∞ γ(dω, dω′),

Unless stated differently, the measurable structure of P1(X ) is associated with W1,∞. Also note
that:

W1,2(m,m′) ≤
√
T W1,∞(m,m′), W2

1,2(µN
ω , µ

N
ω′) ≤ 1

N

N∑
i=1

|ωi − (ω′)i|22. (3.1)

Here W1,∞ is induced by | · |∞.

We work on a probability space carrying a d-dimensional Brownian motion W and an initial
sigma-field G, independent of W . For each initial law µ ∈ P1(Rd), we take a G-measurable random
variable X0 with law µ, and require that G also contain a uniform random variable independent of
X0. We denote by F = (Ft)0≤t≤T the usual augmentation of G ∨ σ(Ws : 0 ≤ s ≤ t), and by A the
set of F-progressively measurable A-valued controls.

For b : [0, T ] × X × P1(X ) × A → Rd and σ : [0, T ] × X × P1(X ) → Sd, consider the dynamics

Xα
t = X0 +

∫ t

0
bs(Xα

·∧s,m
α
s , αs)ds+

∫ t

0
σs(Xα

·∧s,m
α
s )dWs, mα

s := P ◦ (Xα
·∧s)−1, (3.2)

for α ∈ A. Given f : [0, T ] × X × P1(X ) ×A → R and g : P1(X ) → R, we define the value function:

V0(µ) := sup
α∈A

E
[∫ T

0
ft(Xα

·∧t,m
α
t , αt)dt+ g(mα

T )
]
, µ = P ◦X−1

0 . (3.3)

The corresponding N -particle problem is defined by dynamics and value functions:

Xi,α
t = xi +

∫ t

0
bs(Xi,α

·∧s,m
N
Xα

·∧s
, αi

s)ds+
∫ t

0
σs(Xi,α

·∧s,m
N
Xα

·∧s
)dW i

s , i ∈ [N ]∗, (3.4)
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V N
0 (x) := sup

α∈AN

E
[

1
N

N∑
i=1

∫ T

0
ft(Xi,α

·∧t ,m
N
Xα

·∧t
, αi

t)dt+ g(mN
Xα

·
)
]
. (3.5)

Here theW i are independent d-dimensional Brownian motions and AN consists of open-loop controls
adapted to their joint filtration.

Assumption 3.1. We assume the following:

(i) A is compact.

(ii) b is continuous in a ∈ A. Moreover, there is a constant L ≥ 0 such that, for all t, t′, ω, ω′,m,m′, a:

|bt(ω,m, a) − bt′(ω′,m′, a)|+|σt(ω,m) − σt′(ω′,m′)|
≤ L

(
|t− t′|1/4 + |ω·∧t − ω′

·∧t′ |2 + W1,2(m,m′)
)
,

and supt≤T, a∈A
(
|bt(0, δ0, a)| + ∥σt(0, δ0)∥F

)
≤ L.

(iii) f is continuous in a. Moreover, there is a constant L ≥ 0 such that, for all t, t′, ω, ω′,m,m′, a:

|ft(ω,m, a) − ft′(ω′,m′, a)| ≤ L
(
|t− t′|1/4 + |ω·∧t − ω′

·∧t′ |2 + W1,2(m,m′)
)
,

|g(m) − g(m′)| ≤ LW1,2(m,m′),

and supa∈A |f0(0, δ0, a)| + |g(δ0)| ≤ L;

(iv) For every (t, ω,m), the set

K(t, ω,m) :=
{(

bt(ω,m, a)
ft(ω,m, a) − η

)
: a ∈ A, η ≥ 0

}
(3.6)

is closed and convex in Rd+1.

3.2 Discrete time approximations

Fix a uniform grid π = {tk = kh : 0 ≤ k ≤ p}, with h = |π| = T/p. We denote by Aπ the controls
in A which are constant on each interval [tk, tk+1). For n ∈ [p], let ℓπ,n : En → X be the affine
interpolation through t0, . . . , tn, extended constantly on [tn, T ], and set ℓπ = ℓπ,p. These maps are
also applied componentwise to vectors of paths. For απ ∈ Aπ, consider the dynamics:

Xπ,α
tk+1

= Xπ,α
tk

+ h btk

(
ℓπ,k(Xπ,α),mπ,α

tk
, απ

tk

)
+ σtk

(
ℓπ,k(Xπ,α),mπ,α

tk

)
∆Wtk+1 , mπ,α

tk
:= P ◦

(
ℓπ,k(Xπ,α)

)−1
,

(3.7)

where ∆Wtk+1 = Wtk+1 −Wtk
. We then define the control problem, for m ∈ P1(En):

Uπ
n (m) := sup

απ∈Aπ
E

h p−1∑
k=n

ftk

(
ℓπ,k(Xπ,α),mπ,α

tk
, απ

tk

)
+ g

(
mπ,α

T

) , mπ,α
tn

= m. (3.8)

For the particle problem, let Aπ
N be the set of elements of AN constant on each [tk, tk+1),

k = 0, . . . , p− 1. For απ ∈ Aπ
N , consider the dynamics:

Xi,π,α
tk+1

= Xi,π,α
tk

+ h btk

(
ℓπ,k(Xi,π,α), µN

ℓπ,k(Xπ,α), α
i,π
tk

)
+ σtk

(
ℓπ,k(Xi,π,α), µN

ℓπ,k(Xπ,α)
)
∆W i

tk+1 .
(3.9)
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Here Xπ,α = (X1,π,α, . . . , XN,π,α). We then define, for ω ∈ EN
n , the control problem:

UN,π
n (ω) := sup

απ∈Aπ
N

E
[
h

N

N∑
i=1

p−1∑
k=n

ftk

(
ℓπ,k(Xi,π,α), µN

ℓπ,k(Xπ,α), α
i,π
tk

)
+ g

(
mN

ℓπ(Xπ,α)
)]
, (3.10)

where Xπ,α
·∧n = ω.

The problems (3.8) and (3.10) use open-loop controls. Proposition D.1 shows that their value
functions coincide with those obtained using suitable randomised feedback controls. Together with
the regularity estimates in Appendix D, this allows us to apply the discrete-time comparison of
Theorem 2.4 and obtain the following bound, with a constant uniform in the grid.

Lemma 3.2 (Particle convergence for the discrete time problems). Let Assumption 3.1 hold. There
is a constant C ≥ 0, depending only on T , d and the constants in that assumption, such that, for
every N ≥ 1, every uniform grid with p ≥ 2 and h = T/p ≤ 1, and every x ∈ (Rd)N ,∣∣UN,π

0 (x) − Uπ
0 (mN

x )
∣∣ ≤ C

(
1 +mN

2 (x)
)
pN−1/[d(p+1)]. (3.11)

In particular, C is independent of N , p and x.

3.3 Main result

Theorem 3.3. Let Assumption 3.1 hold. For every N ≥ 1, every uniform grid with p ≥ 2 and
|π| ≤ 1, and every x ∈ (Rd)N , we have, for a constant C independent of π, N and x:

|V N
0 (x) − V0(mN

x )| ≤ C
(
1 +mN

2 (x)
) (
h1/4 + pN−1/[d(p+1)]

)
. (3.12)

In particular, for every N ≥ 3:

|V N
0 (x) − V0(mN

x )| ≤ C(1 +mN
2 (x))RN , RN :=

( log(log(N))
log(N)

)1/4
. (3.13)

Proof. Lemma 3.2 gives the population estimate (3.11) for the time-discretised problems.
Lemma C.1 and Corollary C.2 give, respectively,

|V N
0 (x) − UN,π

0 (x)| ≤ C(1 +mN
2 (x))h1/4,

|V0(µ) − Uπ
0 (µ)| ≤ C(1 +m2(µ))1/2h1/4, for all µ ∈ P2(Rd).

The triangle inequality proves (3.12). For large N , take

pN =
⌊ logN

2d log logN

⌋
.

Then pN ≥ max{2, T} for sufficiently large N ,

p
−1/4
N = O

(( log logN
logN

)1/4
)
, pNN

−1/[d(pN +1)] = O

( 1
logN log logN

)
.

This proves (3.13).

Remark 3.4. For fixed N , refining the time grid decreases h1/4 = (T/p)1/4 but increases the
population bound pN−1/[d(p+1)] in (3.12). The factor p accounts for the accumulation of one-step
errors, while the exponent reflects the dimension d(p + 1) of the discrete path space. The choice
p = pN in the proof tends to infinity slowly enough that both terms vanish. Along this choice, the
population term is of smaller order than the time-discretisation term, giving the logarithmic upper
bound in (3.13).
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3.4 The Markovian case

We now discuss how our convergence rates improve under Markovian structure. Assume that

bt(ω,m, a) = bt(ωt,mt, a), σt(ω,m) = σt(ωt,mt), ft(ω,m, a) = ft(ωt,mt, a), g(m) = g(mT ).

We assume the Markovian analogue of Assumption 3.1, with the path distances replaced by the
Euclidean distance and W1, and with the time regularity strengthened to

|bt(x, µ, a) − bs(x′, µ′, a)| + ∥σt(x, µ) − σs(x′, µ′)∥F

+ |ft(x, µ, a) − fs(x′, µ′, a)| ≤ C
(
|t− s|1/2 + |x− x′| + W1(µ, µ′)

)
.

The compactness and Filippov convexity assumptions are unchanged. We also assume that the
Euler transition kernels are absolutely continuous; this holds, for instance, if

σt(x, µ)σt(x, µ)⊤ ≥ λId

for some λ > 0.
There are two differences with the path-dependent case. First, the state space of the discrete-

time problem is now Rd, independently of the number of time steps. The randomisation argument
of Appendix D, with the current state in place of the stopped path, therefore allows us to apply
Theorem 2.2. Hence ∣∣UN,π

0 (x) − Uπ
0 (mN

x )
∣∣ ≤ C

(
1 +mN

2 (x)
)
pRN,d,

where

RN,d :=


N−1/2( log(1 +N)

)1/2
, d = 1,

N−1/2( log(1 +N)
)3/2

, d = 2,

N−1/d, d ≥ 3.

Second, the time-discretisation estimate can be improved from order |π|1/4 to order |π|1/2.
Indeed, in the Markovian setting, the state comparison may be performed directly at the grid
points. If

ek := 1
N

N∑
i=1

E
[
|Xi,α

tk
−X

i,π
tk

|2
]
,

then the path-dependent argument of Appendix C leads to

ek+1 ≤ (1 + C|π|)ek + C
(
1 +mN

2 (x)
)
|π|3/2 + C|π|2

k∑
ℓ=0

eℓ.

In the Markovian case, this is replaced by

ek+1 ≤ (1 + C|π|)ek + C
(
1 +mN

2 (x)
)
|π|2,

as there is no longer any error coming from the reconstruction of the past trajectory. Moreover,
the integrated centred drift residuals arising from the Filippov projection can be kept as discrete
martingale increments: their conditional means vanish and their second moments are of order |π|2.
Together with the 1/2-Hölder regularity in time, this gives the local error of order |π|2 above.
Discrete Gronwall therefore yields

max
0≤k≤p

ek ≤ C
(
1 +mN

2 (x)
)
|π|.

18



The Lipschitz continuity of the running and terminal rewards then gives a value error of order
|π|1/2. Together with the 1/2-Hölder regularity in time and the Lipschitz assumptions, this yields,
uniformly in N , ∣∣V N

0 (x) − UN,π
0 (x)

∣∣+ ∣∣V0(mN
x ) − Uπ

0 (mN
x )
∣∣ ≤ C

(
1 +mN

2 (x)
)
|π|1/2.

Therefore, we obtain∣∣V N
0 (x) − V0(mN

x )
∣∣ ≤ C

(
1 +mN

2 (x)
) (

|π|1/2 + RN,d

|π|

)
.

Choosing h of order R2/3
N,d gives

∣∣V N
0 (x) − V0(mN

x )
∣∣ ≤ C

(
1 +mN

2 (x)
)

N−1/6( log(1 +N)

)1/6
, d = 1,

N−1/6( log(1 +N)
)1/2

, d = 2,

N−1/(3d), d ≥ 3.

For d ≥ 3, the exponent 1/(3d) is reminiscent of the dimension-dependent rates obtained in the
Markovian mean field control literature. In particular, Daudin, Delarue and Jackson [10] obtain, up
to an arbitrarily small loss in the exponent, the rate N−2/(3d+6) in a more structured setting: the
state space is the torus Td, the idiosyncratic volatility is constant and non-degenerate, the control
enters additively in the drift, and the Hamiltonian is uniformly convex in the momentum variable,
while the interaction costs are assumed Lipschitz and semiconcave with respect to the 1-Wasserstein
distance. Their rate is sharper than the one obtained here. On the other hand, the present argument
is set on Rd, allows for a state- and measure-dependent uncontrolled volatility and for more general
drift and reward functions, and follows directly from the discrete-time empirical-measure estimate
combined with a uniform-in-N Euler approximation.

4 Numerical experiments
We compare the mean field and particle values in three controlled examples: a scalar Markovian
model, its common-noise extension, and the path-dependent model of Proposition 2.5. The first
two illustrate the convergence in Theorem 2.2. In the third, we vary the number of time steps to
examine the dependence of the convergence rate on path dimension in Theorem 2.4. Table 1 collects
the simulation settings.

4.1 A controlled Markovian benchmark.

Let p ∈ N∗, h = T/p, and consider the scalar controlled particle dynamics

Xi
k+1 = Xi

k + h
(
−κXi

k + λX̄k + ai
k

)
+ σ

√
h ξi

k+1, X̄k := 1
N

N∑
i=1

Xi
k,

where ai
k ∈ [−A,A], A > 0, σ > 0, and the ξi

k are independent standard Gaussian variables. We
maximise the reward

E

−ch

N

p−1∑
k=0

N∑
i=1

|ai
k| −

∣∣∣X̄p − θ
∣∣∣
 .

Here c ≥ 0 is the intervention cost. We take Xi
0 = 0 for every particle and the same initial state in

the mean field problem, where the empirical mean is replaced by the law mean. For this model and
its common-noise extension, we compute the value gap

∆N :=
∣∣V0(µN

x0) − V N
0 (x0)

∣∣, x0 = (0, . . . , 0).
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Write āk := N−1∑N
i=1 a

i
k and Zk+1 := N−1/2∑N

i=1 ξ
i
k+1. The Zk are independent standard Gaussian

variables. The scalar reduction is exact for the full feedback control class: the mean dynamics
depend on the actions only through their average, while N−1∑

i |ai
k| ≥ |āk|. Every feasible average

action can be implemented by giving it to all particles, so a one-dimensional Bellman recursion
computes the value of the full particle control problem. The mean field reduction follows by the
same convexity argument. Writing r := 1 + h(λ− κ), the mean field mean satisfies

mk+1 = rmk + hak,

whereas the N -particle empirical mean satisfies

X̄k+1 = rX̄k + hāk + σ

√
h

N
Zk+1.

The next innovation Zk+1 is independent of the full particle history up to time k. Backward
induction in the scalar Bellman recursion therefore bounds the reward of every particle policy from
above. Equality is attained by applying a maximising scalar feedback to all particles.

The controller regulates the population mean towards the terminal target, balancing the tracking
error against the cost of intervention. For the chosen zero target, the mean field can stay exactly at
the target without acting, whereas the finite population retains sampling fluctuations. The following
calculation explains their effect on the optimal value.

Proposition 4.1 (Rate and scaling of the Markovian benchmark). For θ = 0, c ≥ 0 and σ > 0,
with all particles initially at zero, V0(δ0) = 0 and, for every N ≥ 1,

σ

√
2h
πN

≤ ∆N ≤ σ

√√√√√ 2h
πN

p−1∑
j=0

r2j . (4.1)

For fixed model parameters,
√
N∆N is nonincreasing in N and converges to a finite, strictly positive

limit.

Proof. All rewards are nonpositive, and zero control keeps the mean field mean at zero, proving
V0(δ0) = 0. Conditional on the particle history at time p − 1, the terminal empirical mean is
y + σ

√
h/N Zp, where y = rX̄p−1 + hāp−1 is known and Zp is an independent standard Gaussian.

Symmetry and convexity show that E|y + σ
√
h/N Zp| is minimised at y = 0. Nonnegativity of the

running cost therefore gives the lower bound in (4.1), for every admissible feedback policy. Zero
control gives a centred Gaussian terminal mean with variance (σ2h/N)

∑p−1
j=0 r

2j , proving the upper
bound.

For the scaling assertion, define Jp(B) as the infimum of

E

ch p−1∑
k=0

|bk| + |Yp|

 , Yk+1 = rYk + hbk +
√
hZk+1, Y0 = 0,

over scalar feedback controls with |bk| ≤ B, where the Zk are independent standard Gaussians. The
exact scalar reduction and the rescaling Yk =

√
NX̄k/σ, bk =

√
Nāk/σ give

√
N∆N = σJp

(
A

√
N

σ

)
. (4.2)

The admissible control sets increase with B, so Jp(B) is nonincreasing. The positive lower bound
and finite upper bound in (4.1) then give the stated limit.
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We compute the scalar value functions on a state grid, using linear interpolation and analytic
integration against the Gaussian transition. The optimal action moves the uncontrolled next mean
towards an interval where zero control is optimal, subject to the action bound. Thus no action grid
or numerical Gaussian quadrature is needed. In the left panel of Figure 2, the solid curve shows the
resulting value gaps, and the markers evaluate the computed policies by independent Monte Carlo
sampling. The remaining numerical approximation is the state grid. For N ∈ {16, 64, 512, 2048},
the finest grid comparisons change the gaps by less than 0.001%; doubling the state domain at fixed
spacing changes them by less than 0.00001%.

These bounds establish the N−1/2 exponent for this benchmark, without the logarithmic loss
permitted by the general estimate of Theorem 2.2. The fitted slope −0.513 in Table 2 is consistent
with (4.2): as N grows, the fixed action bound becomes less restrictive relative to the sampling
fluctuations. Over the tested range,

√
N∆N decreases from approximately 0.304 to 0.282, while

zero control gives the constant 0.6995. The feedback therefore reduces the total expected loss,
including the running cost, by approximately 57–60% relative to zero control. The Monte Carlo
estimates and dynamic-programming values differ by at most 0.05% in these runs.

4.2 A controlled common-noise benchmark.

We add common noise of amplitude σ0 ≥ 0 to the Markovian model, using independent standard
Gaussian innovations ξ0

k shared by all particles and independent of the idiosyncratic noises:

Xi
k+1 = Xi

k + h
(
−κXi

k + λX̄k + ai
k

)
+ σ

√
h ξi

k+1 + σ0
√
h ξ0

k+1.

Writing Mk for the population mean conditional on the common noise, we obtain

Mk+1 = rMk + hak + σ0
√
h ξ0

k+1,

whereas the particle empirical mean satisfies

X̄k+1 = rX̄k + hāk + σ0
√
h ξ0

k+1 + σ

√
h

N
Zk+1.

The reward and initial state are unchanged. The same scalar reduction applies, with noise amp-
litudes σ0 for the mean field problem and

√
σ2

0 + σ2/N for the particle problem. When σ0 = 0,
we recover the preceding Markovian model. The following estimate explains why positive common
noise can give faster convergence.

Proposition 4.2 (Noise-amplitude comparison). For ν ≥ 0, let wν
k(x) be the scalar value functions

defined by
wν

p(x) = −|x− θ|,

wν
k(x) = sup

|a|≤A

{
−ch|a| + E

[
wν

k+1(rx+ ha+ ν
√
hZ)

]}
,

(4.3)

where Z is standard Gaussian and the recursion holds for k = p− 1, . . . , 0. For ν, ν̃ ≥ 0,

sup
x

|wν
0(x) − wν̃

0(x)| ≤ Γp|ν − ν̃|, Γp :=

√
2h
π

p−1∑
j=0

|r|j . (4.4)

In particular, with νN :=
√
σ2

0 + σ2/N , the full value gap of the common-noise benchmark satisfies,
whenever σ0 > 0,

∆N ≤ Γp(νN − σ0) = Γpσ
2

N(νN + σ0) ≤ Γpσ
2

2σ0N
. (4.5)
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Proof. Using the same action and Gaussian innovation for two initial states in (4.3), backward
induction gives

|wν
k(x) − wν

k(y)| ≤ |r|p−k|x− y|,

uniformly in ν. Now set ek := supx |wν
k(x)−wν̃

k(x)|, so ep = 0. Compare the two Bellman expressions
at the same state and action, and couple their transitions with the same standard Gaussian Z. The
preceding Lipschitz estimate gives

ek ≤ ek+1 + |r|p−k−1√
h |ν − ν̃|E|Z| = ek+1 + |r|p−k−1

√
2h
π

|ν − ν̃|.

The running costs cancel in this comparison. Taking the suprema over actions preserves the inequal-
ity, since the action sets coincide. Summing over k proves (4.4). The scalar reductions identify the
mean field and particle values with wσ0

0 (0) and wνN
0 (0), respectively. Substituting these amplitudes

and rationalising their difference proves (4.5).
The additional empirical noise has standard deviation of order N−1/2, but in the presence of a

fixed positive Gaussian background it changes the total scalar noise amplitude by only order N−1.
Proposition 4.2 transfers this smaller perturbation to the optimised value over all p steps. The
bound is specific to this scalar reduction and is not uniform as σ0 ↓ 0.

For p = 1, h = 1 and θ = 0, symmetry and convexity of the terminal loss, together with the
nonnegative intervention cost, make zero control optimal. The two terminal means are centred
Gaussians with standard deviations σ0 and

√
σ2

0 + σ2/N , so

∆(1)
N =

√
2
π

√σ2
0 + σ2

N
− σ0

 .
For σ0 = 0, this equals σ

√
2/(πN). For fixed σ0 > 0, it is

√
2/π σ2/(2σ0N) + O(N−2). In this

one-step example, positive common noise spreads the terminal mean around the point 0, where
the absolute-value loss is not differentiable. The transition between the two rates occurs around
N = σ2/σ2

0. For σ = 1 and σ0 = 0.25, 0.5, 1, these scales are 16, 4, 1, respectively.
For the numerical experiment, we compute both scalar value functions and evaluate their policies

by Monte Carlo sampling. We use the same standard Gaussian innovations in the two simulations,
multiplied by their respective noise amplitudes. This preserves both marginal laws and reduces the
variance of their difference.

The right panel of Figure 2 shows the resulting gaps. For σ0 = 0.25, 0.5, 1, the fitted slopes are
−0.979,−0.994,−0.998, respectively (Table 2). The closer agreement with −1 at larger common-
noise amplitudes is consistent with the one-step transition scales above. For fixed p and σ0 > 0,
(4.5) gives an O(N−1) upper bound. The Monte Carlo gaps differ from those computed by the
Bellman recursion by at most 0.39%.

4.3 An explicit full-feedback path-law value gap.

We now consider the path-dependent model of Proposition 2.5, with λ = 1 and midpoint initial
positions. The proposition proves that a⋆

n = ϕn(X0:n) is optimal over all adapted particle controls.
We therefore estimate the value gap ∆N (p) in (2.24) by simulating the corresponding residual paths.
For each sample of N paths, the tent discrepancy is evaluated exactly at each visited resolution,
and a deterministic tail bound certifies the supremum over the remaining scales. The correction
HD(ν̄N ) is computed analytically.

Figure 3 uses p ∈ {2, 4, 6, 8}, N = 27, . . . , 218, and 50 independent repetitions per point. Fits
over the full N range have slopes −0.333,−0.198,−0.138,−0.102, respectively, compared with the
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Experiment Main parameters Reference and Monte Carlo setup

Controlled Markovian T = 1, p = 12, κ = 0.45, λ = 0.15,
σ = 1, A = 1.2, c = 0.08, θ = 0

Scalar DP with 51,201 state points
on [−1.6, 1.6], analytic Gaussian
integration and continuous
actions; N ∈ {16, 32, . . . , 2048}; 5
seeds, 105 samples/seed

Controlled common
noise

Same controlled model, with
σ0 ∈ {0, 0.25, 0.5, 1}

Scalar DP with 102,401 state
points on [−3.2, 3.2], analytic
Gaussian integration and
continuous actions;
N ∈ {16, 32, . . . , 2048}; 5 seeds,
105 samples/seed

Full-feedback path-law λ = 1, p ∈ {2, 4, 6, 8}, D = p+ 1,
midpoint initial grid

Analytic optimiser and
midpoint-law correction; certified
tent supremum; N = 27, . . . , 218;
50 repetitions per point

Table 1: Parameters for the three controlled experiments. The two Markovian finite-N references
use scalar dynamic programming; the full-feedback path-law gap uses the analytic optimiser and a
Monte Carlo expectation of the terminal discrepancy.

Experiment Parameter Reference slope Monte Carlo slope
Controlled Markovian – −0.513 −0.513
Controlled common noise σ0 = 0 −0.513 −0.513
Controlled common noise σ0 = 0.25 −0.979 −0.979
Controlled common noise σ0 = 0.5 −0.994 −0.994
Controlled common noise σ0 = 1 −0.998 −0.998

Table 2: Least-squares slopes of the Markovian log–log value-gap plots over N ∈ {16, 32, . . . , 2048}.
Reference slopes are computed from the solid curves in Figure 2; Monte Carlo slopes are computed
from the markers.

fixed-p guides −1/(p + 1) = −0.333,−0.200,−0.143,−0.111. For p = 8, the scaled means in the
right panel range from approximately 0.062 to 0.071, and the fitted slope depends on the chosen
range of N . These results illustrate the proved N−1/(p+1) rate for each fixed p.

Figure 4 helps explain the variation of the scaled gap. At resolution q, the average number of
particles per cell is N/qD. Doubling q divides this number by 2D, which is 512 when p = 8. The
intermediate resolutions in S allow the maximising cell size to change in smaller increments as N
grows.

The left panel shows these changes at p = 8. Across the 50 repetitions, q = 2 is selected at
N = 128, q = 3 at N = 29, . . . , 212, q = 4 at N = 213, . . . , 216, and q = 5 at N = 217, 218. At
N = 256, the first two resolutions split the repetitions almost evenly. The right panel shows that
the sample standard deviation divided by the mean decreases with N .

Figure 5 compares the same 50-cloud means with the bounds of Corollary B.1. For p = 8,
N = 218 and λ = 1, taking M = 16 (qM = 32, qM+1 = 39), R = 512 and s = 4800 in (B.5) gives,
rounding outwards,

0.01748608 ≤ ∆N (8) ≤ 0.01762813.

The sampled mean is 0.01762459: the lower and upper bounds are 0.79% below and 0.0201% above
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(a) Controlled Markovian benchmark.
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(b) Controlled common-noise benchmark.

Figure 2: Value gaps for the Markovian model (left) and its common-noise extension (right). Solid
curves are computed by the scalar Bellman recursion; markers are Monte Carlo estimates obtained
by evaluating the computed policies. Vertical bars show 95% Student confidence intervals based on
five independent seeds and account only for sampling error. The dashed line in the left panel is an
N−1/2 rate guide.
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Figure 3: Full-feedback path-law value gap from Proposition 2.5. Solid curves are means over 50
independent repetitions per point, and shaded regions show mean plus or minus one sample standard
deviation. Left: ∆N (p), with separately anchored dashed N−1/(p+1) guides. Right: the same gaps
multiplied by N1/(p+1). The payoff uses the fixed resolution set S.

this mean. At the dominant resolution q = 5, the expected fraction of empty cells is 87.44%, and
even the largest deficit threshold removes only about 0.67% of the cell side along each face. These
features help explain the close bounds. At N = 128, the upper bound is 0.042741, rounded upwards,
compared with a sampled mean of 0.039789; the finite-N envelope is less sharp at small N .

The bounds concern the exact expectation. At N = 214, the sampled mean exceeds the upper
bound by 6.16×10−6, or 0.54 estimated standard errors, consistent with sampling uncertainty. The
shaded bands show sample standard deviations across clouds; the standard error of the 50-cloud
mean is this standard deviation divided by

√
50.
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Figure 4: Selected resolutions and sampling variability for the denser-scale full-feedback experiment.
Left: for p = 8, the fraction of 50 clouds at each N whose sample discrepancy is largest at q =
2, 3, 4, 5. The midpoint-law correction is the same across clouds at fixed N ; the selection refers to
the sample payoff H9(ν̂N ). Right: sample standard deviation divided by mean value gap, in percent,
for each p.
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Figure 5: Finite-N bounds for the full-feedback path-law gap at p = 8 and λ = 1. The solid
curve and shaded region are the same 50-cloud mean and one-sample-standard-deviation band as
in Figure 3. The dotted lower and dashed upper curves are the proved bounds in (B.6); the grey
region lies between them. At each N , the bounds use the initial segment qM−1 < 8N1/9 ≤ qM

of the fixed resolution set. The upper bound uses R = 512 in the proved finite sum (B.3) and a
numerically selected s > 0 in (B.5).
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A Technical Lemmata
Lemma A.1 (An extension of Fournier and Guillin [13]). Let N ∈ N∗, 1 ≤ q < q′, and Z :=
(Z1, . . . , ZN ) be a sequence of independent Rd-valued random variables such that µk := P ◦ Z−1

k ∈
Pq′(Rd) for all k ∈ [N ]∗. Then, denoting µN := 1

N

∑N
k=1 µk and µN

Z := 1
N

∑N
k=1 δZk

:

E
[
Wq(µN , µN

Z )
]

≤ CM
1/q′

q′ (µN )RN ,

where Mr(ν) :=
∫
Rd |x|rν(dx), with C a constant independent of N and:

RN :=


N−1/2q +N−(q′−q)/qq′ if q > d/2 and q′ ̸= 2q,
N−1/2q(log(1 +N))1/q +N−(q′−q)/qq′ if q = d/2 and q′ ̸= 2q,
N−1/d +N−(q′−q)/qq′ if 0 ≤ q < d/2 and q′ ̸= dq

d−q .
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For the critical case q = 1 and q′ = 2, we have:

E
[
W1(µN , µN

Z )
]

≤ CM
1/2
2 (µN )


N−1/2(log(1 +N))1/2, d = 1,

N−1/2(log(1 +N))3/2, d = 2,

N−1/d, d ≥ 3,

(A.1)

where C depends only on d. No moment of order greater than two is required.
The same bounds hold conditionally under conditional independence.

Proof. We follow the proof of Fournier and Guillin [13, Theorem 1]. We first spell out the modi-
fication needed to pass from i.i.d. samples to independent, non-identically distributed samples, and
then give the additional summation for q = 1, q′ = 2. In that proof, after the standard dyadic
decomposition of Rd into shells and cells, the only probabilistic input is the following estimate: for
each cell A, one needs a bound on

E
[
|µN

Z (A) − µN (A)|
]
.

We now prove that the same cell estimate as in the i.i.d. case remains valid with µN = N−1∑N
k=1 µk.

Let A ⊂ Rd be Borel and set pk := µk(A). Then

µN
Z (A) = 1

N

N∑
k=1

1{Zk∈A}, µN (A) = 1
N

N∑
k=1

pk.

The random variables 1{Zk∈A} are independent Bernoulli random variables, hence

E
[
µN

Z (A) − µN (A)
]

= 0, Var
(
µN

Z (A)
)

= 1
N2

N∑
k=1

pk(1 − pk) ≤ µN (A)
N

.

By Cauchy-Schwarz’s inequality,

E
[
|µN

Z (A) − µN (A)|
]

≤
(µN (A)

N

)1/2
.

We also have the trivial bound

E
[
|µN

Z (A) − µN (A)|
]

≤ E[µN
Z (A)] + µN (A) = 2µN (A).

Therefore
E
[
|µN

Z (A) − µN (A)|
]

≤ min
{

2µN (A),
(µN (A)

N

)1/2
}
.

This is precisely the binomial cell estimate used in Fournier and Guillin [13]; the binomial structure
is not used elsewhere in the dyadic summation. The remaining deterministic part of the proof is
therefore unchanged after replacing the common law of the i.i.d. sample by µN . The hypotheses
needed for this part are 1 ≤ q < q′ and Mq′(µN ) < ∞, both of which hold by assumption. The case
Mq′(µN ) = 0 is immediate. Otherwise, scaling all variables by Mq′(µN )−1/q′ reduces the proof to
Mq′(µN ) = 1. For the rescaled laws and the dyadic shells Bℓ used there, the tail estimate is

µN (Bℓ) ≤ C2−q′ℓ.

Plugging the cell and tail estimates into the dyadic bound of Fournier and Guillin, and then restoring
the original scale, gives

E
[
Wq

q (µN
Z , µ

N )
]

≤ CM
q/q′

q′ (µN )


N−1/2 +N−(q′−q)/q′ if q > d/2,

N−1/2 log(1 +N) +N−(q′−q)/q′ if q = d/2,

N−q/d +N−(q′−q)/q′ if q < d/2.
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Since q ≥ 1, Jensen’s inequality gives

E
[
Wq(µN

Z , µ
N )
]

≤
(
E
[
Wq

q (µN
Z , µ

N )
])1/q

,

which yields the stated estimate for E[Wq(µN , µN
Z )].

We now focus on the case q = 1, q′ = 2. For d ≥ 3, the moment order two is strictly above the
critical value d/(d−1), so the preceding noncritical estimate yields (A.1). We now consider d = 1, 2.
The case M2(µN ) = 0 is immediate; otherwise, by scaling, we may assume that M2(µN ) = 1. Set

B0 := (−1, 1]d, Bj := (−2j , 2j ]d \ (−2j−1, 2j−1]d, j ≥ 1, uj := µN (Bj).

Since |x| ≥ 2j−1 on Bj for j ≥ 1, we have

∑
j≥0

22juj ≤ u0 + 4
∫
Rd

|x|2µN (dx) ≤ 5.

The dyadic transportation bound of [13, Lemmas 5 and 6], combined with the cell estimate above,
gives

E
[
W1(µN

Z , µ
N )
]

≤ C
∑
j≥0

2jSd(uj), Sd(u) :=
∑
ℓ≥0

2−ℓ min
{

2u, 2dℓ/2
√
u

N

}
.

Indeed, at level ℓ each shell is partitioned into at most 2dℓ cells, and Cauchy–Schwarz bounds the
sum of the square roots of their masses by 2dℓ/2√

uj . For u ∈ [0, 1], summation over ℓ yields

Sd(u) ≤ C min
{
u,

√
u

N
hd(Nu)

}
, h1(t) := 1, h2(t) := log(2 + t).

Indeed, the fact that Sd(u) ≤ Cu is immediate. For d = 1, the other bound proceeds from a
geometric sum. For d = 2, take L = ⌈1

2 log2(2 +Nu)⌉ and split the sum at L to obtain

S2(u) ≤ (L+ 1)
√
u

N
+ 2u 2−L ≤ C

√
u

N
log(2 +Nu).

Now set K = ⌈1
2 log2N⌉. On the first K + 1 shells, Cauchy–Schwarz and the summed moment

bound give
K∑

j=0
2j√

uj ≤
√
K + 1

 K∑
j=0

22juj

1/2

≤ C
√

log(1 +N).

On the remaining shells, ∑
j>K

2juj ≤ 2−K
∑
j>K

22juj ≤ CN−1/2.

Since uj ≤ 1 and hd is nondecreasing, it follows that

E
[
W1(µN

Z , µ
N )
]

≤ CN−1/2
(
hd(N)

√
log(1 +N) + 1

)
.

This gives the factors (log(1+N))1/2 for d = 1 and (log(1+N))3/2 for d = 2. Restoring the original
scale proves (A.1).

We next justify the conditional form used in the common-noise arguments. Let G be a sigma-field
such that, conditionally on G, the random variables Z1, . . . , ZN are independent with conditional
laws µG

1 , . . . , µ
G
N . Since (Rd)N is Polish, the vector Z has a regular conditional distribution given G.

29



By conditional independence, this distribution equals
⊗N

k=1 µ
G
k almost surely. Applying the preced-

ing bounds to this product law, for almost every realisation, gives the same conditional estimates,
including (A.1), with µN replaced by N−1∑N

k=1 µ
G
k and with unchanged constants.

The following lemma refines the previous result for measures on discrete path spaces.

Lemma A.2 (A dimension-uniform empirical estimate on path spaces). Let p ≥ 2, and Z1, . . . , ZN

be independent Ep-valued random variables with respective laws µ1, . . . , µN ∈ P2(Ep), and set

µN := 1
N

N∑
i=1

µi, µN
Z := 1

N

N∑
i=1

δZi .

Then there is a constant Cd ≥ 0, depending only on d, such that

E
[
W1,∞,p

(
µN , µN

Z
)]

≤ CdM
1/2
2,∞,p(µN )N− 1

d(p+1) . (A.2)

In particular, Cd is independent of p, N , and the laws (µi)i≤N .
The estimate also holds conditionally whenever the variables are conditionally independent.

Proof. We first work in RD, D ≥ 3, with

|x|max := max
1≤j≤D

|xj |, M2,max(ν) :=
∫
RD

|x|2max ν(dx).

We shall prove that, for independent RD-valued variables Z1, . . . , ZN ,

E
[
W1,max(µN , µN

Z )
]

≤ CM
1/2
2,max(µN )N−1/D, (A.3)

where C is independent of D, N , and the individual laws. If M2,max(µN ) = 0, the result is imme-
diate. Otherwise, by scaling, it suffices to consider

M2,max(µN ) = 1.

Step 1: The deterministic transport decomposition. As in [12, Section 3], set

B0 := (−1, 1]D, Bj := (−2j , 2j ]D \ (−2j−1, 2j−1]D, j ≥ 1.

Let Qℓ be the dyadic partition of B0 into 2Dℓ cubes of side length 21−ℓ. Thus Q0 = {B0}, the
partitions are nested, and

#Qℓ = 2Dℓ, diammax(Cℓ) = 21−ℓ, Cℓ ∈ Qℓ.

For Cℓ ∈ Qℓ, set
Cℓ

j := (2jCℓ) ∩Bj , uj := µN (Bj), vj := µN
Z (Bj).

We use the convention 0/0 = 0.
For each j, start with

tj,B0 := uj ∧ vj .

Recursively, if Cℓ+1 ∈ Qℓ+1 and Cℓ ∈ Qℓ are such that Cℓ+1 ⊂ Cℓ, set

tj,Cℓ+1 := tj,Cℓ

(
µN (Cℓ+1

j )
µN (Cℓ

j )
∧
µN

Z (Cℓ+1
j )

µN
Z (Cℓ

j )

)
.
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The quantity tj,Cℓ is the mass kept together inside Cℓ
j . In particular,

0 ≤ tj,Cℓ ≤ µN (Cℓ
j ) ∧ µN

Z (Cℓ
j ).

The mass separated between levels ℓ and ℓ+ 1 is

rj,ℓ := 1
2
∑

Cℓ∈Qℓ

tj,Cℓ

∑
Cℓ+1∈Qℓ+1
Cℓ+1⊂Cℓ

∣∣∣∣∣µ
N (Cℓ+1

j )
µN (Cℓ

j )
−
µN

Z (Cℓ+1
j )

µN
Z (Cℓ

j )

∣∣∣∣∣ .
Since the child masses sum to the parent mass,

rj,ℓ =
∑

F ∈Qℓ

tj,F −
∑

C∈Qℓ+1

tj,C .

Consequently, for every integer K ≥ 1,

K−1∑
ℓ=0

rj,ℓ ≤ uj ∧ vj . (A.4)

The coupling construction is the same as in [12, Proposition 3.2]. The mass rj,ℓ is transported
inside a cell of diameter at most 2j+1−ℓ, while the mass remaining at level K is transported over a
distance at most 2j+1−K . The unmatched masses of the sets Bj contribute at most

∑
j 2j |uj − vj |,

by the triangle inequality through the origin. Hence

W1,max(µN , µN
Z ) ≤

∑
j≥0

2j |uj − vj | + 2
∑
j≥0

2j
K−1∑
ℓ=0

2−ℓrj,ℓ

+ 21−K
∑
j≥0

2j(uj ∧ vj). (A.5)

No independence or identical-distribution assumption enters this construction.
Set

ρj,ℓ := E[rj,ℓ], UN :=
∑
j≥0

2jE[|uj − vj |].

Taking expectations in (A.5) gives

E[W1,max(µN , µN
Z )] ≤ UN + 2

∑
j≥0

2j
K−1∑
ℓ=0

2−ℓρj,ℓ + 21−K
∑
j≥0

2juj . (A.6)

Step 2: The probabilistic estimates. We now establish the counterparts of [12, (4.5), (4.7), and
(4.6)]:

UN ≤ KN , (A.7)

ρj,ℓ ≤ 1
2
∑

F ∈Qℓ

∑
C∈Qℓ+1

C⊂F

E
[∣∣∣∣∣µN

Z (Cj) − µN (Cj)
µN (Fj)µ

N
Z (Fj)

∣∣∣∣∣
]
, (A.8)

ρj,ℓ ≤ 1
2

(
2D(ℓ+1)uj

N

)1/2

, (A.9)

where
KN :=

(
2(1 − u0) ∧

√
1 − u0
N

)
+
∑
j≥1

2j
(

2uj ∧
√
uj

N

)
.
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We also have, directly from (A.4),
K−1∑
ℓ=0

ρj,ℓ ≤ uj . (A.10)

To prove (A.7), let A ⊂ RD be Borel, and write pi := µi(A) and p := µN (A). Independence
gives

E[µN
Z (A)] = p,

Var(µN
Z (A)) = 1

N2

N∑
i=1

pi(1 − pi)

= 1
N

(
p− 1

N

N∑
i=1

p2
i

)
≤ p(1 − p)

N
.

Together with the elementary bounds obtained from A and Ac, this yields

E
[
|µN

Z (A) − µN (A)|
]

≤ 2p ∧ 2(1 − p) ∧
(
p(1 − p)
N

)1/2
. (A.11)

Applying this estimate to B0 and to Bj , j ≥ 1, proves (A.7).
Next, we prove (A.8). Let Cℓ ∈ Qℓ and Cℓ+1 ∈ Qℓ+1 be such that Cℓ+1 ⊂ Cℓ. Since

tj,Cℓ ≤ µN
Z (Cℓ

j ),

we have

tj,Cℓ

∣∣∣∣∣µ
N (Cℓ+1

j )
µN (Cℓ

j )
−
µN

Z (Cℓ+1
j )

µN
Z (Cℓ

j )

∣∣∣∣∣ ≤
∣∣∣∣∣µN

Z (Cℓ+1
j ) −

µN (Cℓ+1
j )

µN (Cℓ
j )

µN
Z (Cℓ

j )
∣∣∣∣∣ .

Summing over Cℓ+1 ⊂ Cℓ, then over Cℓ ∈ Qℓ, and taking expectations yields

ρj,ℓ ≤ 1
2
∑

Cℓ∈Qℓ

∑
Cℓ+1∈Qℓ+1
Cℓ+1⊂Cℓ

E
[∣∣∣∣∣µN

Z (Cℓ+1
j ) −

µN (Cℓ+1
j )

µN (Cℓ
j )

µN
Z (Cℓ

j )
∣∣∣∣∣
]
.

It remains to prove (A.9). This is where we replace the conditional binomial argument of [12].
For Borel sets A ⊂ B with µN (B) > 0, set

θ := µN (A)
µN (B) , Yi := 1{Zi∈A} − θ1{Zi∈B}.

The variables Yi need not be individually centred, but
N∑

i=1
E[Yi] = N

(
µN (A) − θµN (B)

)
= 0.

Moreover,
N∑

i=1
E[Y 2

i ] = N(1 − θ)2µN (A) +Nθ2(µN (B) − µN (A)
)

= NµN (B)θ(1 − θ) ≤ NµN (A).

Thus independence and the Cauchy–Schwarz inequality imply

E
[
|µN

Z (A) − θµN
Z (B)|

]
= 1
N

E
[∣∣∣∣∣

N∑
i=1

Yi

∣∣∣∣∣
]
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≤ 1
N

(
N∑

i=1
Var(Yi)

)1/2

≤
(
µN (A)
N

)1/2

. (A.12)

If µN (B) = 0, both empirical masses vanish almost surely.
Applying (A.12) with A = Cj and B = Fj in (A.8), we obtain

ρj,ℓ ≤ 1
2
√
N

∑
C∈Qℓ+1

√
µN (Cj)

≤ 1
2
√
N

#Qℓ+1
∑

C∈Qℓ+1

µN (Cj)

1/2

= 1
2

(
2D(ℓ+1)uj

N

)1/2

.

This proves (A.9). The two variance computations above are the only probabilistic modifications
needed for independent, non-identically distributed variables.
Step 3: Summation with a dimension-uniform constant. Rather than optimise the numerical con-
stant as in [12], we sum the preceding bounds directly.

By (A.10) and (A.9),
K−1∑
ℓ=0

2−ℓρj,ℓ ≤ SD(uj),

where, for u ∈ [0, 1],

SD(u) :=
∑
ℓ≥0

2−ℓ
(
u ∧ 2D(ℓ+1)/2−1

√
u

N

)
.

We claim that
SD(u) ≤ Cu1−1/DN−1/D, D ≥ 3, (A.13)

with an absolute constant C.
If Nu ≤ 1, then

SD(u) ≤ 2u ≤ 2u1−1/DN−1/D.

If Nu > 1, set
L :=

⌊ log2(Nu)
D

⌋
.

Using the square-root bound for ℓ < L and the bound by u for ℓ ≥ L, we obtain

SD(u) ≤ 2D/2−1
√
u

N

L−1∑
ℓ=0

2(D/2−1)ℓ + u
∑
ℓ≥L

2−ℓ

≤ 1
1 − 21−D/2

√
u

N
2(D/2−1)L + 21−Lu

≤
( 1

1 − 2−1/2 + 4
)
u1−1/DN−1/D.

Here we used D ≥ 3 and 2DL ≤ Nu < 2D(L+1). This proves (A.13). The mass-fluctuation term has
the same rate. Indeed, for D ≥ 3,

2u ∧
√
u

N
≤ (2u)1−2/D

(√
u

N

)2/D

≤ 2u1−1/DN−1/D.
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Therefore, since N−1/2 ≤ N−1/D,

KN ≤ N−1/D

1 + 2
∑
j≥1

2ju
1−1/D
j

 .
Substituting these estimates into (A.6) gives

E[W1,max(µN , µN
Z )] ≤ CN−1/D

1 +
∑
j≥0

2ju
1−1/D
j


+ 21−K

∑
j≥0

2juj . (A.14)

The normalisation M2,max(µN ) = 1 implies∑
j≥0

22juj ≤ u0 + 4
∫
RD

|x|2max µ
N (dx) ≤ 5.

Hölder’s inequality, with conjugate exponents D/(D − 1) and D, now yields∑
j≥0

2ju
1−1/D
j =

∑
j≥0

(22juj)1−1/D 2−j(1−2/D)

≤

∑
j≥0

22juj

1−1/D ∑
j≥0

2−j(D−2)

1/D

≤ 51−1/D(1 − 2−(D−2))−1/D
,

which is bounded uniformly in D. Note also that
∑

j 2juj < ∞. Letting K → ∞ in (A.14) then
proves, for some constant C independent of D,

E[W1,max(µN , µN
Z )] ≤ CN−1/D

under the normalisation. Rescaling the variables proves (A.3).
Step 4: Path spaces and conditional estimates. Identify Ep = (Rd)p+1 with RD, where D = d(p+1),
and define

|ω|max := max
0≤k≤p
1≤j≤d

|ωj
k|.

Since |ω|max ≤ |ω|∞,p ≤
√
d |ω|max, we have:

W1,∞,p(ν, ν ′) ≤
√
dW1,max(ν, ν ′), M2,max(ν) ≤ M2,∞,p(ν).

Since p ≥ 2 implies D ≥ 3, (A.3) gives (A.2), with Cd = C
√
d.

Finally, suppose that Z1, . . . , ZN are independent conditionally on a sigma-field G. Let µG
i be

their regular conditional laws and set

µG := 1
N

N∑
i=1

µG
i .

The conditional law of (Z1, . . . , ZN ) is
⊗N

i=1 µ
G
i almost surely. Applying the preceding deterministic-

law estimate to this product law gives

E
[
W1,∞,p(µG , µN

Z )
∣∣∣G] ≤ CdM

1/2
2,∞,p(µG)N−1/[d(p+1)],

with the same constant. This proves the conditional assertion.
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B Proofs for the explicit path-dependent example

B.1 Optimal feedback and convergence rate

We use the model and notation of Section 2.5. We prove Proposition 2.5.

Proof. First, consider any admissible feedback policy, and couple its controlled paths with paths
under a⋆ using identical initial states and innovations ξi

n+1. Put δi
n := ai

n − ϕn(Xi
0:n) along the

arbitrary controlled path. By the definition of R, the corresponding residual paths are

R(Xi
0:p) = (xi, ξ

i
1 + δi

0, . . . , ξ
i
p + δi

p−1), R(Xi,⋆
0:p) = (xi, ξ

i
1, . . . , ξ

i
p).

The coupling by particle index and (2.20) give, pathwise, writing mN
R(X) = N−1∑

i δR(Xi
0:p),

HD

(
mN

R(X)
)

≥ HD

(
mN

R(X⋆)
)

− 1
N

N∑
i=1

max
0≤n<p

|δi
n|.

Since ρ > λ and maxn |δi
n| ≤

∑
n |δi

n|, the reward of the arbitrary policy is no larger than that of a⋆

for each realisation. This establishes optimality even when every action depends on the full particle
history. In the mean-field problem, coupling the two residual laws by the common initial state
and innovations gives W1,∞,p(R#L(Xa

0:p), R#L(X⋆
0:p)) ≤ E[maxn |an −ϕn(X0:n)|]; the same penalty

comparison proves mean-field optimality. Both arguments apply from any intermediate stopped
path.

Under the optimal feedback, every future residual coordinate equals its innovation. The map
R is Lipschitz on stopped paths with constant at most 1 + supn Lip(Bn) + supn Lip(ϕn). Coupling
two initial stopped-path laws and then using the same future innovations therefore shows that
all Vn have a common W1,∞,n-Lipschitz constant, independent of p. Moreover, |Xn+1| ≤ 1 +
A + supn ∥Bn∥∞ under every policy, so the second-moment condition of Assumption 2.3(ii) holds
uniformly in p. Finally, the explicit optimal-policy formula and (2.20) make V N

0 continuous in its
initial configuration. This verifies Assumption 2.3.

For the specified x, optimality gives V0(mN
x ) = −λHD(ν̄N ) and V N

0 (x) = −λE[HD(ν̂N )]. Con-
vexity of HD and Eν̂N = ν̄N prove the last inequality in (2.24). For the upper bound, write
Sq(ν, ν ′) :=

∑
Q∈Qq

|
∫
ψq,Q d(ν − ν ′)|. The triangle inequality and the definition of HD give

∆N (p)/λ ≤ E sup
q∈S

Sq(ν̂N , ν̄N ) ≤
∑
q∈S

ESq(ν̂N , ν̄N ).

At resolution q, put h = 1/q and K = h−D. Conditional on any fixed initial midpoint, the future
coordinates are uniform, and integration of the minimum of their distances to the cell boundary
gives

E
∑

Q∈Qq

ψq,Q(Zi) ≤ h

2D, E
∑

Q∈Qq

ψq,Q(Zi)2 ≤ h2

2D(D + 1) , Zi = (xi, ξ
i
1, . . . , ξ

i
p).

Using independence and Cauchy–Schwarz for the K centred cell sums, and alternatively bounding
their absolute values by the sums of their nonnegative terms, yields

ESq(ν̂N , ν̄N ) ≤ min
{

qD/2−1√
2D(D + 1)N

,
1
Dq

}
.

Write a = D/2−1 > 0 and j0 = ⌊(log2N)/D⌋. There are at most four distinct q ∈ S in each octave
[2j , 2j+1). For j < j0, bound qa by 2(j+1)a and sum the first term geometrically. For j ≥ j0, bound
q−1 by 2−j and sum the second term. Since 2j0 ≤ N1/D < 2j0+1, this gives the conservative bound

∆N (p) ≤ λCdense
D N−1/D. (B.1)
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Both terms in the definition of Cdense
D decrease with D ≥ 3, so Cdense

D ≤ Cdense
3 , proving the stated

uniformity in p.
For the lower bound, the midpoint coupling of mN

x with U [0, 1] and identical future innovations
gives

HD(ν̄N ) ≤ W1,∞,p(ν̄N , UD) ≤ 1
4N . (B.2)

Choose j = ⌈(log2N)/D⌉ and the admissible dyadic resolution q = 2j ∈ S. With h = 1/q,
N−1/D/2 < h ≤ N−1/D and NhD ≤ 1. Each cube of Qq contains at most Nh+ 1 of the fixed initial
positions in its first coordinate. For any one such cube, the probability that none of its eligible
particles has all D − 1 innovation coordinates in the cube is at least (1 − hD−1)Nh+1. In fact, with
u = hD−1 ≤ 1/4, we have (Nh+ 1)u ≤ NhD + hD−1 ≤ 5/4 and hence

(1 − u)Nh+1 ≥ exp
(

−(Nh+ 1)u
1 − u

)
≥ e−5/3.

Every empty cube contributes hD+1/[2(D+ 1)] to HD(ν̂N ) by (2.21). Summing over the h−D cubes
yields

EHD(ν̂N ) ≥ h

2(D + 1)(1 − hD−1)Nh+1 ≥ e−5/3

4(D + 1)N
−1/D.

Subtracting (B.2) and using N1−1/D ≥ 2(D+1)e5/3 proves the stated lower bound for D = p+1 ≥ 3.

B.2 Finite-sample bounds

We retain the notation of Proposition 2.5. In particular, D = p + 1, xi = (i − 1
2)/N , and Zi =

(xi, ξ
i
1, . . . , ξ

i
p), so that ν̂N = N−1∑N

i=1 δZi .

Corollary B.1 (Finite-sample bounds). Write S = {q1 < q2 < · · · } and fix integers M ≥ 2 and
R ≥ 1. For q ≥ 2, set aq = ⌊N/q⌋, rq = N − aqq, and

FN,p(q) := (q − rq)(1 − q−p)aq + rq(1 − q−p)aq+1

q
, ℓN,p(q) := FN,p(q)

(D + 1)q − 1
2N .

Also define

bN (q) := min
{

qD/2−1√
2D(D + 1)N

,
1
Dq

}
, τM := 1/2 + 1/[2(D + 1)]

qM+1
.

For q ∈ S, set βq := q−(D+1)/[2(D + 1)]. For 0 < t ≤ βq, define

wq(t) := (q−1 − 2Nt)+, GN,q(t) :=
(
1 − wq(t)D−1)(Nwq(t)−1)+ .

Using R equally spaced deficit thresholds, define the finite sum

uN,R(q) := 1
(D + 1)qR

R∑
r=1

GN,q

(
rβq

R

)
, b̂N,R(q) := min{bN (q), uN,R(q)}. (B.3)

For the fluctuation bound, set

vN,q := 1
2D(D + 1)Nq2 , cN,q := D + 1

2DNq ,
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and, for s > 0, put

KN,q(s) := min
{

s2

8Nq2 ,
vN,q

c2
N,q

(
escN,q − 1 − scN,q

)}
. (B.4)

Then, writing

UN,M,R(s) := 1
s

log

esτM +
M∑

j=1
exp

{
sb̂N,R(qj) +KN,qj (s)

} , (B.5)

for every N ≥ 1 and p ≥ 2 we have

λmax
{

0, max
2≤j≤M

ℓN,p(qj)
}

≤ ∆N (p) ≤ λ inf
s>0

UN,M,R(s). (B.6)

The choices of M , R and s affect only the evaluation of these bounds; the payoff still uses every
resolution in S. Any fixed s > 0 in (B.5) gives a valid upper bound.

Proof. Lower bound. At a fixed resolution q, write YQ =
∫
ψq,Q dν̂N and b =

∫
ψq,Q dUD. The

identity ∑
Q

|YQ − b| =
∑
Q

(YQ − b) + 2
∑
Q

(b− YQ)+

and
∣∣∣∑Q E(YQ − b)

∣∣∣ ≤ HD(ν̄N ) give

∆N (p)/λ ≥ 2bE[number of empty cubes] − 2HD(ν̄N ).

Exactly rq first-coordinate cells contain aq + 1 initial midpoints, and the remaining q − rq contain
aq. Conditional on eligibility in such a cell, each particle chooses any specified future-coordinate
cell with probability q−p. Thus FN,p(q) is the expected fraction of empty cubes. Substituting the
tent integral and (B.2) proves the lower bound.

Expected discrepancy at a fixed resolution. Put Aq =
∑

Q∈Qq
|
∫
ψq,Q d(ν̂N − UD)| and Xq =

Aq −HD(ν̄N ). The proof of Proposition 2.5 gives EXq ≤ bN (q), since Xq ≤ Sq(ν̂N , ν̄N ). To obtain
a second bound on this mean, use the identity above with b = βq. For a threshold 0 < t ≤ βq

with wq(t) > 0, a particle in the concentric subcube of Q of side wq(t) satisfies ψq,Q(Zi) ≥ Nt. Its
contribution alone makes YQ ≥ t. Hence YQ < t requires this central subcube to be empty. Its
first-coordinate interval contains at least (Nwq(t) − 1)+ initial midpoints. Each eligible particle
independently places its D−1 future coordinates in the central intervals with probability wq(t)D−1.
Therefore P(YQ < t) ≤ GN,q(t). If wq(t) = 0, this inequality follows from GN,q(t) = 1.

The deficit is the integral of its threshold indicators. Since GN,q is nondecreasing, the right
Riemann sum bounds this integral from above:

E(βq − YQ)+ =
∫ βq

0
P(YQ < t) dt ≤

∫ βq

0
GN,q(t) dt ≤ βq

R

R∑
r=1

GN,q

(
rβq

R

)
.

Summing over all qD cubes and using
∑

Q E(YQ − βq) ≤ HD(ν̄N ) gives EXq ≤ uN,R(q), and hence
EXq ≤ b̂N,R(q). Every finite R gives a valid upper bound; R = 1 charges the full deficit whenever
the smallest central subcube is empty. The finite sums converge to the integral as R → ∞. Their
excess over 2qD

∫ βq

0 GN,q(t) dt is at most 1/[(D + 1)qR].
Fluctuations at a fixed resolution. Replacing one independent residual sample changes Xq by at

most 1/(Nq): the old and new points each contribute to at most one tent, of height at most 1/(2q).
The bounded-differences exponential-moment estimate therefore gives, for s > 0,

Ees(Xq−EXq) ≤ es2/(8Nq2).
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We also retain the smaller second moments of the tent contributions. Let h = 1/q and Ti :=∑
Q ψq,Q(Zi). A point contributes to at most one tent, so 0 ≤ Ti ≤ h/2. Uniformity of the D − 1

future coordinates gives P(Ti > t) ≤ (1 − 2qt)D−1 for 0 ≤ t ≤ h/2. Integrating this tail, and then
its product with 2t, yields

ETi ≤ h

2D, ET 2
i ≤ h2

2D(D + 1) . (B.7)

To use these moments for the nonlinear quantity Aq, reveal the independent samples one at a
time. Write Gi := σ(Z1, . . . , Zi), with G0 trivial, and

di := E[Aq | Gi] − E[Aq | Gi−1].

Remove the ith atom without changing the denominator N , defining

A(−i)
q :=

∑
Q

∣∣∣∣∣∣ 1
N

∑
j ̸=i

ψq,Q(Zj) − βq

∣∣∣∣∣∣ .
The triangle inequality gives |Aq−A(−i)

q | ≤ Ti/N . Independence gives E[A(−i)
q | Gi] = E[A(−i)

q | Gi−1].
Thus gi := E[Aq −A

(−i)
q | Gi] satisfies di = gi −E[gi | Gi−1] and |gi| ≤ Ti/N . The conditional second

moment of di is the conditional variance of gi, which is bounded by E[g2
i | Gi−1]. Independence of

Zi from Gi−1 and (B.7) therefore imply

E[d2
i | Gi−1] ≤ ET 2

i

N2 ≤ vN,q

N
, di ≤ h/2 + ETi

N
≤ cN,q.

For x ≤ c and s, c > 0,

esx ≤ 1 + sx+ x2

c2
(
esc − 1 − sc

)
,

as follows from esx−1−sx = s2x2 ∫ 1
0 (1−u)esux du. Apply this inequality conditionally to the centred

increments di, using the preceding bounds on di and its conditional second moment. Iterating over
i and using

∑
i di = Xq − EXq yields

logEes(Xq−EXq) ≤ vN,q

c2
N,q

(
escN,q − 1 − scN,q

)
.

Together with the bounded-differences estimate, this gives Ees(Xq−EXq) ≤ eKN,q(s).
Maximum over resolutions. Since Aq ≤ [1/2 + 1/(2(D + 1))]/q, all resolutions beyond qM

contribute at most τM . Applying the exponential-moment bound to Xq1 , . . . , XqM and the constant
τM yields

Emax(Xq1 , . . . , XqM , τM ) ≤ 1
s

log

esτM +
M∑

j=1
EesXqj

 ≤ UN,M,R(s).

The first inequality follows by bounding the exponential of the maximum by the sum of exponentials
and applying Jensen’s inequality to the logarithm. It requires no independence across resolutions.
This maximum bounds ∆N (p)/λ in expectation. Taking the infimum over s > 0 proves the upper
bound.

The bounds have a direct occupancy interpretation. At a fixed resolution, the identity in the
proof counts the empty-cell deficits twice: in expectation, their missing mass is accompanied by
excess mass in other cells, up to the deterministic midpoint-law correction. The lower bound omits
the deficits of occupied cells whose tent mass is below βq, and the possible gain from choosing the
resolution separately for each cloud. When the mean count per cell N/qD is small, most cells are
empty, and a single particle away from the cell faces already supplies the target tent mass. At
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threshold t, the central subcube removes a strip of width Nt along each face. Integrating over
thresholds measures the size of a possible deficit, rather than charging its full size whenever the
smallest central subcube is empty. Several small particle contributions can also add up to the target
mass; the upper bound remains conservative because it only uses the certificate supplied by one
particle.

The fluctuation estimate improves for a different reason. The largest possible tent height is h/2,
but a typical point in a high-dimensional cube is close to at least one face. The uniform future
coordinates give moment bounds of order h/D and h2/D2. The martingale argument transfers these
moments to the discrepancy even though it is a nonlinear function of all particles. Thus the upper
bound need not charge typical clouds for the largest possible change of one particle. These moments
are analytic model bounds, independent of the Monte Carlo estimates. This improvement matters
especially at small N : fluctuations are bounded at an N−1/2 scale for each fixed resolution, faster
than the principal N−1/D gap. Competition between resolutions can still contribute, and neither
refinement asserts equality of the bounds and the value gap.

C Uniform time discretisation for path-dependent particle control
We use the setting and notation of Sections 3.1 and 3.2. This appendix establishes a time-
discretisation estimate, uniform in N , for the particle problem (3.5) and its Euler approximation
(3.10). The argument adapts that of Bokanowski et al. [3] to the N -particle framework, using the
Filippov convexity condition in Assumption 3.1, without requiring time regularity of an optimal
control.

Write FN = (FN
t )t≤T for the augmented joint Brownian filtration underlying AN in Section 3.1.

For a fixed initial configuration x ∈ (Rd)N , denote by JN (x,α) and JN,π(x,απ) the expected
rewards inside the suprema in (3.5) and (3.10) at n = 0, respectively. For a continuous path ω, we
use the shorthand ℓπ,k(ω) := ℓπ,k(ωt0 , . . . , ωtk

) for the interpolation map of Section 3.2.

Lemma C.1 (Uniform time-discretisation error). Let Assumption 3.1 hold. Then there is a constant
C ≥ 0, depending only on T, d and L, such that, for every N ≥ 1, every uniform grid π with |π| ≤ 1,
and every x ∈ (Rd)N , ∣∣∣V N

0 (x) − UN,π
0 (x)

∣∣∣ ≤ C
(
1 +mN

2 (x)
)
|π|1/4. (C.1)

In particular, the constant is independent of the number of particles.

Proof. Throughout the proof, C denotes a constant which may change from line to line but is
independent of N , π, and the controls. The empirical coupling estimate (3.1), together with the
linear growth implied by Assumption 3.1 and standard SDE and Euler estimates, yields

sup
α∈AN

1
N

N∑
i=1

E
[
|Xi,α|2∞

]
+ sup

απ∈Aπ
N

1
N

N∑
i=1

E
[
|ℓπ(Xi,π,απ )|2∞

]
≤ C

(
1 +mN

2 (x)
)
. (C.2)

Due to the normalisation in mN
2 and to (3.1), the constant C is indeed independent of N .

Step 1: From a continuous-time control to a grid control. Fix α ∈ AN and write X := Xα. For
every k < p and i ∈ [N ]∗, set

ωi
k := ℓπ,k(Xi,α), ωk := (ω1

k, . . . , ω
N
k ), mk := mN

ωk
.

Define the FN
tk

-measurable random variables

Bi
k := 1

|π|
E
[∫ tk+1

tk

btk
(ωi

k,mk, α
i
t)dt

∣∣∣∣FN
tk

]
, F i

k := 1
|π|

E
[∫ tk+1

tk

ftk
(ωi

k,mk, α
i
t)dt

∣∣∣∣FN
tk

]
.
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For fixed (tk, ωi
k,mk), the random vector

(
btk

(ωi
k,mk, α

i
t), ftk

(ωi
k,mk, α

i
t)
)

takes its values in the
closed convex set K(tk, ωi

k,mk) by Assumption 3.1 (iv). Its time average belongs to this set by
convexity, and its conditional expectation given FN

tk
still belongs to it because this random closed

convex set is FN
tk

-measurable. After fixing FN
tk

-measurable versions of Bi
k and F i

k, define

Φi
k(a) :=

∣∣∣btk
(ωi

k,mk, a) −Bi
k

∣∣∣2 +
(
F i

k − ftk
(ωi

k,mk, a)
)2

+
, a ∈ A.

The map (ω, a) 7→ Φi
k(ω, a) is FN

tk
⊗ B(A)-measurable and is continuous in a. Moreover, the

preceding inclusion in K(tk, ωi
k,mk) implies that mina∈A Φi

k(a) = 0 almost surely. Hence, by the
measurable maximum theorem [1, Theorem 18.19, p. 605], there exists an FN

tk
-measurable minimiser

αi,π
tk

. Therefore,

Bi
k = btk

(ωi
k,mk, α

i,π
tk

), F i
k ≤ ftk

(ωi
k,mk, α

i,π
tk

). (C.3)

Applying this construction separately to each particle gives a grid control απ ∈ Aπ
N . This coordin-

atewise construction is possible because the interaction involves only the empirical distribution of
the state paths, which is frozen at time tk in (C.3).

Let
X

π := Xπ,απ

=
(
X

1,π
, . . . , X

N,π)
be the Euler scheme (3.9) driven by απ. We also introduce its continuous Euler–Maruyama inter-
polation. For t ∈ [tk, tk+1], set

X̃i,π
t := X

i,π
tk

+ btk
(ωi

k,mk, α
i,π
tk

)(t− tk) + σtk
(ωi

k,mk)(W i
t −W i

tk
),

where
ωi

k := ℓπ,k(Xi,π), ωk := (ω1
k, . . . , ω

N
k ), mk := mN

ωk
.

Then X̃i,π
tk

= X
i,π
tk

for every k. Moreover, on each interval [tk, tk+1], the difference between X̃i,π and
the affine interpolation of the Euler values is a Brownian bridge multiplied by the frozen diffusion
coefficient. It follows from (C.2) that

sup
t≤T

E
[
mN

2
(
X̃π

t − ℓπ(Xπ)t
)]

+ 1
N

N∑
i=1

E
[
|X̃i,π − ℓπ(Xi,π)|22

]
≤ C

(
1 +mN

2 (x)
)
|π|. (C.4)

We next compare X and X̃π. Put

ek := E
[
mN

2
(
Xtk

− X̃π
tk

)]
, k ∈ [p].

The standard increment estimates and the definition of the affine interpolation imply

sup
t∈[tk,tk+1]

E
[
mN

2 (Xt − Xtk
) +mN

2 (X̃π
t − X̃π

tk
)
]

≤ C
(
1 +mN

2 (x)
)
|π|, (C.5)

1
N

N∑
i=1

E
[
|Xi,α

·∧tk
− ωi

k|22
]

≤ C
(
1 +mN

2 (x)
)
|π|, (C.6)

1
N

N∑
i=1

E
[
|ωi

k − ωi
k|22
]

≤ C

(
ek + |π|

k∑
ℓ=0

eℓ

)
. (C.7)

The term ek in the last display comes from the constant extension of the stopped paths after tk,
while the sum controls their difference on the previous grid intervals.
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For t ∈ [tk, tk+1], set δXi
t := Xi,α

t − X̃i,π
t . We decompose the drift difference as

δbi
t = ri

k,t + βi
k,t + qi

k,

where

ri
k,t := bt

(
Xi,α

·∧t ,m
N
X·∧t

, αi
t

)
− btk

(ωi
k,mk, α

i
t), βi

k,t := btk
(ωi

k,mk, α
i
t) − btk

(ωi
k,mk, α

i,π
tk

),

qi
k := btk

(ωi
k,mk, α

i,π
tk

) − btk
(ωi

k,mk, α
i,π
tk

).

By (C.3),

E
[∫ tk+1

tk

βi
k,tdt

∣∣∣∣FN
tk

]
= 0. (C.8)

The diffusion difference is

δσi
t := σt

(
Xi,α

·∧t ,m
N
X·∧t

)
− σtk

(ωi
k,mk),

and is decomposed through the intermediate point (tk, ωi
k,mk).

Applying Itô’s formula to |δXi
t |2, summing over i, and dividing by N gives

ek+1 = ek + 2
N

N∑
i=1

E
∫ tk+1

tk

δXi
t · δbi

tdt+ 1
N

N∑
i=1

E
∫ tk+1

tk

∥δσi
t∥2

Fdt. (C.9)

Assumption 3.1, (3.1), and (C.6)– (C.7) give, uniformly for t ∈ [tk, tk+1],

1
N

N∑
i=1

E
[
|ri

k,t|2
]

≤ C
(
1 +mN

2 (x)
)
|π|1/2, (C.10)

1
N

N∑
i=1

E
[
|qi

k|2
]

≤ C

(
ek + |π|

k∑
ℓ=0

eℓ

)
, (C.11)

1
N

N∑
i=1

E
[
∥δσi

t∥2
F

]
≤ C

((
1 +mN

2 (x)
)
|π|1/2 + ek + |π|

k∑
ℓ=0

eℓ

)
. (C.12)

Indeed, the squared time increment in the first and third estimates is |t− tk|1/2, while the remaining
terms are controlled by the L2 path projection estimates above.

For the term containing βi
k,t, write

δXi
t = δXi

tk
+ (δXi

t − δXi
tk

).

The contribution of the first term vanishes by (C.8), since δXi
tk

is FN
tk

-measurable. For the second
one, Cauchy–Schwarz, (C.5), and the linear growth of b yield∣∣∣∣∣ 2

N

N∑
i=1

E
∫ tk+1

tk

(δXi
t − δXi

tk
) · βi

k,tdt

∣∣∣∣∣ ≤ C
(
1 +mN

2 (x)
)
|π|3/2. (C.13)

Young’s inequality, (C.5), (C.10), and (C.11) give

2
N

N∑
i=1

E
∫ tk+1

tk

δXi
t · (ri

k,t + qi
k)dt ≤ C|π|ek + C

(
1 +mN

2 (x)
)
|π|3/2 (C.14)

+ C|π|2
k∑

ℓ=0
eℓ. (C.15)
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Finally, integrating (C.12) over the interval gives the same right-hand side for the diffusion contri-
bution in (C.9). Combining these estimates, we obtain

ek+1 ≤ (1 + C|π|)ek + C
(
1 +mN

2 (x)
)
|π|3/2 + C|π|2

k∑
ℓ=0

eℓ. (C.16)

For completeness, the exponent 3/2 comes from the time regularity |t − tk|1/4 after squaring and
integrating over an interval of length |π|; the same order also bounds the product of the centred
drift residual with the state increment on the interval.

Let ek := max0≤ℓ≤k eℓ. Since |π|
∑k

ℓ=0 eℓ ≤ Tek, the discrete Gronwall inequality applied to
(C.16) gives

max
0≤k≤p

ek ≤ C
(
1 +mN

2 (x)
)
|π|1/2. (C.17)

Combining (C.5), (C.4), and (C.17), we conclude that

sup
t≤T

E
[
mN

2
(
Xt − ℓπ(Xπ)t

)]
+ 1
N

N∑
i=1

E
[
|Xi,α − ℓπ(Xi,π)|22

]
(C.18)

≤ C
(
1 +mN

2 (x)
)
|π|1/2. (C.19)

We now compare the rewards. On each interval [tk, tk+1], decompose

ft

(
Xi,α

·∧t ,m
N
X·∧t

, αi
t

)
− ftk

(ωi
k,mk, α

i,π
tk

) =
[
ft

(
Xi,α

·∧t ,m
N
X·∧t

, αi
t

)
− ftk

(ωi
k,mk, α

i
t)
]

+
[
ftk

(ωi
k,mk, α

i
t) − ftk

(ωi
k,mk, α

i,π
tk

)
]

+
[
ftk

(ωi
k,mk, α

i,π
tk

) − ftk
(ωi

k,mk, α
i,π
tk

)
]
.

By (C.3), the expectation of the time integral of the middle term is nonpositive. The first and
third terms are bounded by global Lipschitz continuity in Assumption 3.1, (3.1), the reconstruction
estimates, and (C.18). In particular, their integrated expected absolute values are bounded by
C(1 +mN

2 (x))1/2|π|1/4. We retain the coarser factor 1 +mN
2 (x) in the statement. Hence

E
[

1
N

N∑
i=1

∫ T

0
ft

(
Xi,α

·∧t ,m
N
X·∧t

, αi
t

)
dt

]
(C.20)

≤ E

 1
N

N∑
i=1

p−1∑
k=0

ftk
(ωi

k,mk, α
i,π
tk

)|π|

+ C
(
1 +mN

2 (x)
)
|π|1/4.

For the terminal reward, the first-order coupling gives explicitly

E
[∣∣∣g(mN

X·) − g(mN
ℓπ(Xπ))

∣∣∣] ≤ L

(
1
N

N∑
i=1

E
[
|Xi − ℓπ(Xi,π)|22

])1/2

.

Together with (C.18), this yields

E
[∣∣∣g(mN

X·) − g(mN
ℓπ(Xπ))

∣∣∣] ≤ C
(
1 +mN

2 (x)
)
|π|1/4. (C.21)

Combining (C.20) and (C.21) yields

JN (x,α) ≤ JN,π(x,απ) + C
(
1 +mN

2 (x)
)
|π|1/4.
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Taking the supremum over α ∈ AN gives

V N
0 (x) ≤ UN,π

0 (x) + C
(
1 +mN

2 (x)
)
|π|1/4. (C.22)

Step 2: From a grid control to a continuous-time control. Fix απ ∈ Aπ
N ⊂ AN . Let X be

the solution of (3.4) under this control and write Xπ := Xπ,απ for the Euler scheme (3.9). The
preceding state comparison can be repeated with the same control in the two systems. The centred
residual βi

k,t is then absent, so the argument is in fact simpler, and it gives

sup
t≤T

E
[
mN

2
(
Xt − ℓπ(Xπ)t

)]
+ 1
N

N∑
i=1

E
[
|Xi − ℓπ(Xi,π,απ )|22

]
≤ C

(
1 +mN

2 (x)
)
|π|1/2,

uniformly over απ ∈ Aπ
N . The same running and terminal reward estimates, now used in absolute

value, imply
JN,π(x,απ) ≤ JN (x,απ) + C

(
1 +mN

2 (x)
)
|π|1/4.

Taking the supremum over the grid controls gives

UN,π
0 (x) ≤ V N

0 (x) + C
(
1 +mN

2 (x)
)
|π|1/4. (C.23)

The conclusion follows from (C.22) and (C.23).

Corollary C.2 (Mean field time-discretisation error). Under Assumption 3.1, the open-loop mean
field values in (3.3) and (3.8) satisfy

|V0(µ) − Uπ
0 (µ)| ≤ C(1 +m2(µ))1/2|π|1/4, µ ∈ P2(Rd),

with a constant independent of the grid.

Proof. The |π|1/4 estimate is precisely the mean field Euler approximation result of [3, Theorem 3.6].
Their theorem is stated for a fixed initial law, so we only record the dependence on that law which is
needed below. Under the globally Lipschitz assumptions used here, the moment estimates entering
their proof give, uniformly over admissible controls,

E[|X|2∞] + E[|ℓπ(Xπ)|2∞] ≤ C(1 +m2(µ)).

Keeping this factor in their state-comparison argument yields a quadratic approximation error
bounded by

C(1 +m2(µ))|π|1/2.

Since our running and terminal rewards are globally Lipschitz for | · |2 and W1,2, respectively, and
W1,2 ≤ W2,2, the reward comparison obtained by Cauchy–Schwarz is bounded by

C(1 +m2(µ))1/2|π|1/4.

Combining the two comparison inequalities established in [3, Theorem 3.6] provides the claimed
estimate.

Remark C.3. (i) The values in Lemma C.1 use open-loop controls. Their identification with
particle path feedbacks is given in Proposition D.1. On the mean field side, the corresponding
feedbacks select probability measures on A; ordinary deterministic A-valued feedbacks are not
identified with the open-loop class. This distinction does not enter the uniform-in-N time-
discretisation estimate.
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(ii) Corollary C.2 is the specialisation of [3, Theorem 3.6] needed here. The short argument
following the statement only makes explicit the dependence of the constant on the initial second
moment; no passage to the limit in the particle problem is used.

(iii) The fact that σ is not controlled is essential for the simple convexity condition (3.6). The
diffusion may nevertheless depend on time, on the stopped state path, and on its empirical
distribution. If the diffusion were controlled, the Filippov condition and the projection argu-
ment would have to incorporate the covariance generated by the control.

D Proof of Lemma 3.2
Throughout this appendix, Assumption 3.1 holds, there is no common noise, and all mean field
laws are unconditional. We use the open-loop information structure specified in Section 3.1. In
particular, an independent private random seed is available at the initial date.

The plan of the proof is the following:

1. We define randomised counterparts to the discrete time problems (3.8) and (3.10).

2. We show that the value functions of the non-randomised and randomised problems are equal.

3. We show that Theorem 2.4 applies to the value functions of the randomised problems.

D.1 The two randomised control problems

For k ∈ [p] and η ∈ P1(Ek), write

ρk(η) := (ℓπ,k)#η ∈ P1(X ), Q := P(A).

The space Q is equipped with the weak topology and is compact. Fix a Borel sampling map

S : Q × [0, 1] −→ A, S(q, U) ∼ q when U ∼ Unif[0, 1].

Such a map exists for a standard Borel action space. For ω ∈ Ek, η ∈ P1(Ek), a ∈ A and z ∈ Rd,
set

F π
k (ω, η, a, z) := ωk + |π| btk

(
ℓπ,kω, ρk(η), a

)
+ σtk

(
ℓπ,kω, ρk(η)

)
z. (D.1)

The concatenation (ω, F π
k (ω, η, a, z)) belongs to Ek+1. Gaussian increments below have law λ|π| :=

N (0, |π|Id).

The mean field problem. For an initial date n, the admissible randomised feedback policies are

Qπ
n :=

{
q = (qk)p−1

k=n : qk : Ek × P1(Ek) −→ Q is Borel measurable
}
.

Thus, a feedback control is a function of both the path and its law. Fix m ∈ P1(En) and q ∈ Qπ
n.

Assuming (Ω,P) is large enough, consider an En-valued random variable Hn such that P◦H−1
n = m,

as well as mutually independent pairs (Zk+1, Uk+1), k = n, . . . , p − 1, with distribution λ|π| ⊗
Unif[0, 1], independent of Hn. We then define the dynamics (H)k=n,...,p:

ηk := L(Hk), Qk := qk(Hk, ηk), ak := S(Qk, Uk+1),
Hk+1 :=

(
Hk, F

π
k (Hk, ηk, ak, Zk+1)

)
, ηn = m.

(D.2)

The processes H and Q are adapted to the filtration F̂ = (F̂k)k=n,...,p:

F̂k = σ
(
Hn, (Zj , Uj) : n < j ≤ k

)
.
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The reward and value of this problem are then defined by:

Ĵπ
n (m,q) := E

|π|
p−1∑
k=n

∫
A
ftk

(
ℓπ,kHk, ρk(ηk), a

)
Qk(da)

+ g
(
ρp(ηp)

)
,

Ûπ
n (m) := sup

q∈Qπ
n

Ĵπ
n (m,q).

(D.3)

The particle problem. For N ≥ 1, define

QN,π
n :=

{
qN = (qN

k )p−1
k=n : qN

k : EN
k −→ QN is Borel measurable

}
.

Given ω ∈ EN
n and qN ∈ QN,π

n , take pairs (Zi
k+1, U

i
k+1) with law λ|π| ⊗ Unif[0, 1], independent

across particles and dates, and define

Hn = ω, (Q1
k, . . . , Q

N
k ) := qN

k (Hk), ai
k := S(Qi

k, U
i
k+1),

H i
k+1 :=

(
H i

k, F
π
k (H i

k, µ
N
Hk
, ai

k, Z
i
k+1)

)
,

(D.4)

with i ∈ [N ]∗. We define the filtration F̂N := (F̂N
k )k=n,...,p:

F̂N
k := σ

(
(Zi

j , U
i
j) : 1 ≤ i ≤ N, n < j ≤ k

)
.

Both processes H and k 7→ (Q1
k, . . . , Q

N
k ) are F̂N -adapted; the uniforms (U i

k+1)i≤N are then revealed
before the Gaussian increments (Zi

k+1)i≤N . We then define the reward and value function:

ĴN,π
n (ω,qN ) := E

 h
N

N∑
i=1

p−1∑
k=n

∫
A
ftk

(
ℓπ,kH

i
k, ρk(µN

Hk
), a
)
Qi

k(da) + g
(
ρp(µN

Hp
)
) ,

ÛN,π
n (ω) := sup

qN ∈QN,π
n

ĴN,π
n (ω,qN ).

(D.5)

D.2 Equality of the value functions

Proposition D.1. For every n ∈ [p], m ∈ P1(En), N ≥ 1 and ω ∈ EN
n ,

Ûπ
n (m) = Uπ

n (m), ÛN,π
n (ω) = UN,π

n (ω). (D.6)

Proof. Mean field problem. For η ∈ P1(Ek), denote

Γk(η) :=
{
λ ∈ P1(Ek × A) : (prEk

)#λ = η
}
.

Here prEk
: Ek × A → Ek, prEk

(ω, a) = ω, is the history projection. For λ ∈ Γk(η), define

Ψπ
k(λ) :=

∫
Ek×A

∫
Rd
δ(ω,F π

k
(ω,η,a,z)) λh(dz)λ(dω, da),

rπ
k (λ) := |π|

∫
Ek×A

ftk

(
ℓπ,kω, ρk(η), a

)
λ(dω, da).

(D.7)

The dynamic programming principle for the open-loop problem reads

Uπ
k (η) = sup

λ∈Γk(η)

{
rπ

k (λ) + Uπ
k+1

(
Ψπ

k(λ)
)}
, (D.8)

with terminal condition Uπ
p (η) = g(ρp(η)). Indeed, any απ

tk
determines

λ := P ◦ (Hk, α
π
tk

)−1 ∈ Γk(η), η = P ◦H−1
k .
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Conversely, let λ ∈ Γk(η) and write, by disintegration,

λ(dω, da) = η(dω) q(ω, da).

Let Uk+1 be a uniform random variable, independent of the current history Hk, and measurable
with respect to the private random seed available in the filtration F. Define

απ
tk

:= S
(
q(Hk), Uk+1

)
.

Since Hk and the private seed are available at time tk, απ
tk

is an admissible open-loop action.
Moreover,

P ◦
(
απ

tk
| Hk

)−1 = q(Hk, ·),

and therefore
L(Hk, α

π
tk

)(dω, da) = η(dω) q(ω, da) = λ(dω, da).

Thus every λ ∈ Γk(η) can be realised by an admissible open-loop action. This establishes (D.8).
Now, the dynamic programming principle for the randomised problem provides:

Ûπ
k (η) = sup

q:Ek→P(A)

{
|π|
∫

Ek

∫
A
ftk

(
ℓπ,kω, ρk(η), a

)
q(ω, da) η(dω)

+ Ûπ
k+1

(
Ψπ

k(η(dω)q(ω, da))
)}
,

(D.9)

where the supremum is over Borel kernels. By disintegration,{
η(dω)q(ω, da) : q : Ek → P(A) is Borel-measurable

}
= Γk(η).

Hence (D.8) and (D.9) have the same Bellman operator. Since their terminal values coincide,
backward induction gives

Ûπ
k (η) = Uπ

k (η), k = n, . . . , p.

N -particle problem. We argue by backward induction. At time p, both values are equal to
g
(
ρp(mN

ω )
)
. Assume that

ÛN,π
k+1 = UN,π

k+1.

Fix ω = (ω1, . . . , ωN ) ∈ EN
k , set ηN := mN

ω , and, for a = (a1, . . . , aN ) ∈ AN and z = (z1, . . . , zN ) ∈
(Rd)N , define

ωa,z :=
((
ωi, F π

k (ωi, ηN , ai, zi)
))N

i=1
.

By the classical dynamic programming principle for the finite-dimensional particle problem,

UN,π
k (ω) = sup

a∈AN

{
h

N

N∑
i=1

ftk

(
ℓπ,kω

i, ρk(ηN ), ai
)

+
∫

(Rd)N
UN,π

k+1
(
ωa,z)λ⊗N

h (dz)
}
. (D.10)

On the other hand, the randomised Bellman equation gives

ÛN,π
k (ω) = sup

q∈P(A)N

∫
AN

[
h

N

N∑
i=1

ftk

(
ℓπ,kω

i, ρk(ηN ), ai
)

+
∫

(Rd)N
UN,π

k+1
(
ωa,z)λ⊗N

h (dz)
]

N⊗
i=1

qi(dai),
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where we used the induction hypothesis. Since the average of the integrand cannot exceed its
supremum,

sup
q∈P(A)N

∫
AN

Φ(a)
N⊗

i=1
qi(dai) ≤ sup

a∈AN

Φ(a).

Conversely, for every a = (a1, . . . , aN ) ∈ AN , choosing qi = δai yields the reverse inequality. Hence

sup
q∈P(A)N

∫
AN

Φ(a)
N⊗

i=1
qi(dai) = sup

a∈AN

Φ(a).

Together with (D.10), this yields
ÛN,π

k (ω) = UN,π
k (ω),

and the conclusion follows by backward induction.

D.3 Uniform regularity and moment estimates

Recall that W1,∞,n is induced by | · |∞,n on En. The interpolation maps satisfy∣∣ℓπ,nω − ℓπ,nω
′∣∣

∞ ≤ |ω − ω′|∞,n, W1,2(ρn(m), ρn(m′)) ≤
√
T W1,∞,n(m,m′). (D.11)

These bounds are uniform in the number of dates; no inverse estimate from the L2 path norm to
the uniform norm is needed.

Lemma D.2. There exists a constant C, independent of n,N and π, such that:

|Uπ
n (m) − Uπ

n (m′)| ≤ CW1,∞,n(m,m′), for all m,m′ ∈ P1(En), (D.12)

and

|UN,π
n (ω) − UN,π

n (ω′)| ≤ C

(
1
N

N∑
i=1

|ωi − (ω′)i|2∞,n

)1/2

for all ω,ω′ ∈ EN
n . (D.13)

We also have the estimate:

sup
απ∈Aπ

N

1
N

N∑
i=1

E
[
|Xi,π,α

· |2∞,p

]
+ sup

qN ∈QN,π
n

1
N

N∑
i=1

E[|H i
p|2∞,p] ≤ C

(
1 +mN

2 (ω)
)
, (D.14)

where Xπ,α is defined by (3.9) and H by (D.4).

Proof. We first establish (D.12). Fix m,m′ ∈ P1(En) and γ ∈ Π(m,m′). By richness of the initial
sigma-field G, we may assume without loss of generality that there exist G-measurable random
variables ξ, ξ′ such that P ◦ (ξ, ξ′)−1 = γ, with G independent of the Brownian motion. For a given
α ∈ Aπ, we then denote by X and X ′ the dynamics (3.7) controlled by α and starting from ξ and
ξ′, respectively. Then, for k ≥ n, set

Rk := max
0≤j≤k

|Xπ
tj

−X ′,π
tj

|, ek := E[Rk],

and
dk := W1,2

(
L(ℓπ,k(Xπ)),L(ℓπ,k(X ′,π))

)
.

Since (Xπ
t0 , . . . , X

π
tn

) = ξ and (X ′,π
t0 , . . . , X

′,π
tn

) = ξ′,

en = E[|ξ − ξ′|∞,n] =: Dγ .
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Using the coupling given by the two processes themselves,

dk ≤ E
[
|ℓπ,k(Xπ) − ℓπ,k(X ′,π)|2

]
≤

√
T ek.

Since the two systems use the same open-loop control, their actions coincide at every grid date.
Hence, writing

δbk := btk

(
ℓπ,k(Xπ),L(ℓπ,k(Xπ)), απ

tk

)
− btk

(
ℓπ,k(X ′,π),L(ℓπ,k(X ′,π)), απ

tk

)
,

δσk := σtk
(ℓπ,k(Xπ),L(ℓπ,k(Xπ))) − σtk

(
ℓπ,k(X ′,π),L(ℓπ,k(X ′,π))

)
,

the Lipschitz assumptions give

|δbk| + ∥δσk∥F ≤ C(Rk + dk).

For k ≥ n,

Xπ
tk

−X ′,π
tk

= ξn − ξ′
n + h

k−1∑
j=n

δbj +
k−1∑
j=n

δσj∆Wj+1.

Therefore, by the Burkholder–Davis–Gundy inequality,

ek ≤ Dγ + Ch
k−1∑
j=n

ej + CE


h k−1∑

j=n

R2
j

1/2
+ C

h k−1∑
j=n

e2
j

1/2

.

Since Rj ≤ Rk and ej ≤ ek for j ≤ k, Young’s inequality and the monotonicity of j 7→ ej give, for
every θ > 0,

E


h k−1∑

j=n

R2
j

1/2
 ≤ θek + h

4θ

k−1∑
j=n

ej ,

h k−1∑
j=n

e2
j

1/2

≤ θek + h

4θ

k−1∑
j=n

ej .

Choosing θ sufficiently small and absorbing the corresponding terms into the left-hand side yields

ek ≤ 2Dγ + Ch
k−1∑
j=n

ej .

The discrete Gronwall inequality therefore provides

E
[

max
0≤k≤p

|Xπ
tk

−X ′,π
tk

|
]

≤ CDγ , (D.15)

where C is independent of the grid, the initial date, and the control. Then, the Lipschitz assumptions
on f and g yield ∣∣Jπ

n (m,απ) − Jπ
n (m′, απ)

∣∣
≤ Lh

p−1∑
k=n

(
E
[
|ℓπ,k(Xπ) − ℓπ,k(X ′,π)|2

]
+ dk

)
+ Ldp.

Using dk ≤
√
T ek and

|ℓπ,k(Xπ) − ℓπ,k(X ′,π)|2 ≤
√
T Rk,
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together with (D.15), we obtain ∣∣Jπ
n (m,απ) − Jπ

n (m′, απ)
∣∣ ≤ CDγ .

The estimate is uniform in απ, hence

|Uπ
n (m) − Uπ

n (m′)| ≤ CDγ .

Taking the infimum over γ ∈ Π(m,m′) gives

|Uπ
n (m) − Uπ

n (m′)| ≤ CW1,∞,n(m,m′).

To prove (D.13), we use the same open-loop vector of controls and the same Brownian motions
in both particle systems. The coupling with matching particle labels gives

W2
1,2

(
mN

ℓπ,k(Xπ),m
N
ℓπ,k(X′π)

)
≤ 1
N

N∑
i=1

|ℓπ,k(Xi,π) − ℓπ,k(X ′i,π)|22.

Componentwise martingale estimates followed by averaging and Gronwall yield

1
N

N∑
i=1

E
[

max
0≤k≤p

|Xi,π
tk

−X ′i,π
tk

|2
]

≤ C

N

N∑
i=1

|ωi − (ω′)i|2∞,n.

Comparing the rewards and taking suprema over controls proves (D.13).
We now prove (D.14). We give the details for Xπ,α; the case of H is handled similarly. Fix

απ ∈ Aπ
N and, for k ≥ n, set

Mk := 1
N

N∑
i=1

E
[

max
0≤j≤k

|Xi,π,α
tj

|2
]
.

In particular,Mn = mN
2 (ω). For brevity, write

bi
k := btk

(
ℓπ,k(Xi,π,α),mN

ℓπ,k(Xπ,α), α
i,π
tk

)
,

σi
k := σtk

(
ℓπ,k(Xi,π,α),mN

ℓπ,k(Xπ,α)

)
.

The Lipschitz assumptions imply the uniform linear growth estimate

|bi
k|2 + ∥σi

k∥2
F ≤ C

(
1 + |ℓπ,k(Xi,π,α)|22 + W2

1,2

(
mN

ℓπ,k(Xπ,α), δ0
))
.

Now
|ℓπ,k(Xi,π,α)|22 ≤ T max

0≤j≤k
|Xi,π,α

tj
|2,

while

W2
1,2

(
mN

ℓπ,k(Xπ,α), δ0
)

=
(

1
N

N∑
i=1

|ℓπ,k(Xi,π,α)|2

)2

≤ 1
N

N∑
i=1

|ℓπ,k(Xi,π,α)|22.

Consequently,
1
N

N∑
i=1

E
[
|bi

k|2 + ∥σi
k∥2

F

]
≤ C(1 +Mk). (D.16)

For n ≤ ℓ ≤ k, the Euler recursion gives

Xi,π,α
tℓ

= ωi
n + h

ℓ−1∑
j=n

bi
j +

ℓ−1∑
j=n

σi
j∆W i

j+1.
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Hence, by Cauchy–Schwarz for the drift sum and the discrete martingale maximal inequality for
the stochastic sum,

Mk ≤ CmN
2 (ω) + Ch

k−1∑
j=n

1
N

N∑
i=1

E
[
|bi

j |2 + ∥σi
j∥2

F

]

≤ C
(
1 +mN

2 (ω)
)

+ Ch
k−1∑
j=n

Mj ,

where we used (D.16) and h(k − n) ≤ T . Discrete Gronwall therefore yields

sup
απ∈Aπ

N

1
N

N∑
i=1

E
[
|Xi,π,α

· |2∞,p

]
≤ C

(
1 +mN

2 (ω)
)
.

D.4 Derivation of the particle rate

We now put the explicitly defined randomised problems into the framework of Theorem 2.4. The
action space is Q = P(A) and the idiosyncratic noise is (Zk+1, Uk+1), with law λh ⊗Unif[0, 1]. There
is no common noise. For ν ∈ P1(Ek × Q), denote its history marginal by νEk

and define

F̂ π
k (ω, ν, q, (z, u)) := F π

k (ω, νEk
,S(q, u), z)

= ωk + h btk

(
ℓπ,kω, ρk(νEk

), S(q, u)
)

+ σtk

(
ℓπ,kω, ρk(νEk

)
)
z,

(D.17)

f̂π
k (ω, ν, q) := h

∫
A
ftk

(
ℓπ,kω, ρk(νEk

), a
)
q(da), gπ(η) := g(ρp(η)). (D.18)

For the mean field system, νk = L(Hk, Qk); for the particle system, νN
k = N−1∑

i δ(Hi
k

,Qi
k

). Their
history marginals are precisely ηk and µN

Hk
. Thus these transition and reward maps define exactly

the two values in (D.3) and (D.5). By Proposition D.1 and Lemma D.2, these values satisfy
Assumption 2.3: the mean field values are uniformly Lipschitz on P1(En), the particle values are
continuous, and the particle second-moment bound is uniform in the grid. Theorem 2.4 therefore
gives ∣∣ÛN,π

0 (x) − Ûπ
0 (mN

x )
∣∣ ≤ C

(
1 +mN

2 (x)
)
pN−1/[d(p+1)].

Finally, (D.6) proves (3.11), completing the proof of Lemma 3.2.
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