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Abstract

We establish quantitative convergence rates for finite-population approximations of mean
field control problems. We first consider finite-horizon discrete-time problems on an unbounded
state space, allowing for common noise and interactions through the joint empirical distribution
of states and controls. Under Lipschitz regularity of the mean field value functions and uniform
second-moment estimates, we derive explicit error bounds for the N-particle value functions. We
also construct a path-dependent example with an explicit optimal feedback, showing that the
dependence of the convergence exponent on the number of time steps is sharp. Finally, com-
bining these estimates with a uniform time-discretisation argument, we establish a logarithmic
convergence rate for continuous-time path-dependent McKean—Vlasov control problems with un-
controlled and possibly degenerate diffusion. Numerical experiments illustrate the dependence
of the discrete-time rate on path dimension and the effect of common noise in a controlled
Markovian model.
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1 Introduction

Mean field control problems arise as limits of cooperative control problems for large systems of
interacting agents, or alternatively as the problem of a central planner controlling a large system
of interacting agents. The controls are chosen jointly to optimise a common objective, in contrast
with mean field games (introduced by Lasry & Lions [19] and Huang, Caines & Malhamé [16]),
where the limiting problem describes the equilibrium of a non-cooperative population. The mean
field formulation replaces the empirical distribution of the particles by the law of a representative
controlled process, conditional on the common noise when present. A natural question is then to
quantify the error of this approximation at the level of the value functions. In this paper, we first
study this question in discrete time, allowing for common noise and interactions through the joint
distribution of states and controls. We then extend our results to the case of continuous-time control
problems, including path-dependent dynamics and rewards.

The qualitative convergence of large population control problems towards their mean field coun-
terparts has been established in fairly general settings. Lacker [18] develops a limit theory based
on controlled martingale problems, including the convergence of nearly optimal controls. Djete,
Possamai and Tan [11] establish a general convergence result with common noise, together with the
equivalence between strong, weak and relaxed formulations. From a partial differential equation
perspective, Talbi [23] proves convergence of finite-dimensional approximations of viscosity solu-
tions on Wasserstein space, with an extension to path-dependent equations. These results provide
a qualitative justification of particle approximations, but do not yield a convergence rate.

Quantitative results depend substantially on the regularity and structure of the control prob-
lem. On a finite state space, Cecchin [8] obtains an N~1/2 rate for the value functions without a
convexity assumption. For equations on Wasserstein space admitting a sufficiently smooth solution,
Germain, Pham and Warin [15] derive an N ! particle approximation error by backward stochastic
differential equation techniques. Jackson and Lacker [17] obtain sharp quantitative comparisons in
a displacement convex setting by studying the difference between full-information and distributed
controls. Smoothness of the data does not, however, imply global smoothness of the mean field value
function. Building on the regularity analysis of Cardaliaguet and Souganidis [5], Cardaliaguet, Jack-
son, Mimikos-Stamatopoulos and Souganidis [7] establish an N~! rate on suitable compact subsets
of the region of strong regularity.

Global estimates without assuming a smooth mean field value function have been developed
along different lines. Cardaliaguet, Daudin, Jackson and Souganidis [6] prove an algebraic conver-
gence rate in the presence of idiosyncratic and common noises, using uniform regularity estimates
for the particle value functions and concentration inequalities. Daudin, Delarue and Jackson [10]



obtain more precise rates for non-degenerate Markovian problems on the torus through regularisa-
tion of the limiting value function: an N~%2 bound under stronger regularity assumptions on the
data, and a bound of order N=2/(34+6)+1 for every n > 0, under their Wasserstein-Lipschitz and
semiconcavity assumptions. Cecchin, Daudin, Jackson and Martini [9] extend this regularisation
approach to common noise and possibly degenerate, state-dependent idiosyncratic diffusion. An
alternative analytic approach, based on infimum and supremum convolutions and viscosity compar-
ison on Wasserstein space, is developed by Bayraktar, Ekren and Zhang [2].

More recently, Munoz [22] obtains the empirical-measure rates N —1/d for d > 3and N~1/2,/log N
for d = 2 on the torus, with additive non-degenerate diffusion, a regular uniformly convex control
cost and merely Wasserstein-Lipschitz mean field costs. The control-theoretic proof uses repeated
optimal-transport recouplings and extends to additive common noise.

In discrete time, Gast and Gaujal [14] prove finite-horizon optimal-value convergence for popu-
lations of finite-state agents. Quantitative comparisons with common noise are developed by Motte
and Pham [20; 21]. Their quantitative analysis concerns discounted infinite-horizon problems with
common noise on compact state and action spaces. The value error is bounded by a power of an
empirical-measure error, with an exponent reflecting the regularity of the value function. Their
argument already relies on a comparison of the finite-population and mean field Bellman operat-
ors. Related path-dependent quantitative results are obtained by Bouchard and Tan [4] when only
the drift is controlled. In their setting, mean field controls are adapted only to the common-noise
filtration, and the finite-population controller applies an identical signal to all agents.

We also mention the contribution of Bokanowski, Chassagneux, Li and Reisinger [3, Theor-
ems 3.6 and 5.2], who derive bounds for time discretisation and particle approximation, with a
particle exponent depending on the dimension of the discretised path space. Their particle approx-
imation uses the same feedback function for every particle, evaluated at that particle’s initial state
and past Brownian increments.

Our objective is to obtain finite-horizon estimates on an unbounded state space which remain
quantitative when the state is enlarged to include the past trajectory. The main assumptions concern
Wasserstein-Lipschitz continuity of the mean field value functions, continuity of the particle values,
and uniform second-moment estimates. We do not assume differentiability or semiconcavity of the
value functions, nor regularity of optimal feedbacks. A central point is that a propagation-of-chaos
estimate for a fixed feedback does not suffice to compare the optimised values: the particle controller
may use the information contained in the whole particle system. We address this difficulty directly
at the level of the dynamic programming equations.

More precisely, let p be the number of time steps and let

1 N 1 N
N . N . 12
Wy = N 2'5:1 Oy my (x) 1= N ;:1 |z |*.

In the Markovian setting, under an additional absolute-continuity assumption on the one-step con-
ditional transition laws, Theorem 2.2 gives

V6" (%) = Vo(u)] < C (1 +m3 (%)) pRy.a, (1.1)

where Vg and V¥ denote respectively the value functions of the mean field and the finite population
problems, and
N-Y2(log(1+ N)? d=1,
Ryg:= 4 N2 (log(1 + N))3/2, d=2,
N-VYd d>3.

The constant C' is independent of N and p when the regularity and moment constants are uniform
in p. The estimate allows common noise and dependence on the joint state-control distribution.



The proof compares the two one-step optimisation problems at empirical measures. At a config-
uration with pairwise distinct positions, every particle action vector can be realised by a measurable
individual-state feedback on that configuration. Conditionally on the current configuration and the
next common-noise increment, the subsequent particle positions are independent, but need not have
the same distribution. Their average conditional law coincides with the next mean field law. We
therefore adapt the empirical Wasserstein estimates of Fournier and Guillin [13] to independent,
non-identically distributed variables and use the Lipschitz continuity of the mean field value func-
tions to control the one-step error. Iterating this comparison gives the factor p in (1.1). Continuity
then extends the estimate to initial configurations with coinciding positions.

For path-dependent dynamics, the same argument is applied to the stopped processes. The
main additional issue is to control the constants in the empirical-measure estimate as the dimension
d(p—+1) of the discrete path space increases. Using the supremum norm on discrete trajectories and
adapting the explicit bounds of Fournier [12], we obtain a constant independent of the number of
dates. This yields, in Theorem 2.4, the bound

VY (w) = Vo(ud)| < C(1 + mb (w))pN 1/ 1e+1],

The uniformity of C in p is essential for the continuous-time application, in which the number of
dates must increase with N.

Section 2.5 presents a scalar path-dependent example with an explicit optimal feedback over
the full mean field and particle control classes. For midpoint initial configurations, the value gap
has order N~1/®+D for every fixed p > 2, attaining the exponent in Theorem 2.4 when d = 1.
Section 4 compares Monte Carlo estimates of this gap with computable finite- NV bounds and studies
controlled Markovian models with and without common noise.

We finally derive a quantitative continuous-time population bound for path-dependent problems
without common noise, with a controlled drift and an uncontrolled, possibly degenerate, diffusion.
Under Lipschitz assumptions formulated with the L?-norm on paths and a closedness and convexity
condition on the attainable drift-reward pairs, we adapt the mean field time-discretisation argument
of [3] to the particle problem and obtain an error of order h'/* with a constant independent of N.
We show that open-loop controls and suitable randomised feedback controls give the same value
functions for the time-discretised problems, and establish the required regularity estimates uniformly
in the grid. Combining these estimates gives an explicit bound in both N and p, from which we
choose the mesh as a function of the population size. For h = T'/p, the bound is

V¥ () = Vo] < C(1+md (x)) (hV/* 4 pN 11+ 0])

Figure 1 summarises the three comparisons leading to this bound. Here UéV ™ and UJ are the
value functions of the particle and mean field problems after time discretisation on a uniform grid
7 of step h =T /p.

Choosing p of order log N/loglog N with a suitable proportionality constant yields

log log N)1/4

[Ve" (%) = V()] < C(1 +m3' () ( log N

for sufficiently large IN. This logarithmic estimate reflects the increasing dimension of the discretised
path space. We do not claim that it is sharp.

The paper is organised as follows. Section 2 presents the discrete-time problems and proves the
Markovian and path-dependent convergence estimates. Section 3 combines our discrete-time rates
with time-discretisation error bounds to derive convergence rates for continuous-time problems,
including the path-dependent case. Section 4 provides numerical illustrations of the value errors
and of the dimension dependence of the empirical path-law approximation. The empirical-measure



Population convergence

Continuous time, b ; Continuous
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Lemma 3.2

Figure 1: Comparison of the four optimal values for the path-dependent problem without common
noise, with A = T/p. Solid arrows give error bounds with the factor C(1 + md (x)) suppressed,
where C' is independent of N and p. The dashed arrow follows by combining these bounds and
choosing p = p(NN) so that both error terms vanish.

estimates, the uniform time-discretisation argument, and the randomised Euler formulation are
detailed in the appendices.

Notations. For a measurable space E, we denote by L°(E, A) the set of measurable maps from
E to A. For ¢ > 1, when (E,d) is a metric space, we denote by P,(E) the g-Wasserstein space of
probability measures on E, endowed with the distance:

1/q
Wy, v) == _mi / d9(z,y)Q(dz, d :
a1, v) @éﬁéﬂ,y)< oy & @) Qldz y))

with I'(u,v) the set of couplings of  and v. Given x := (x1,...,7y5) € EV, we denote by ul) the
empirical measure on F defined by plY := % SN Oy

2 Convergence rate for the discrete time problem

2.1 The mean field control problem in discrete time

We fix a finite time horizon p € N* and a probability space (2, F,P), endowed with a filtration
F:= (Fu)nep)- Let {entnep- and {e) },e(y+ be two independent sequences of i.i.d. random variables
adapted to F and such that (g1, 41) is independent of F,, for all n € [p — 1]. We denote by A.
the common distribution of the &, n € [p]*.
Given F : [p] x R% x Pi(R? x A) x A x RE x RE" — R? we define the controlled process
X [p] x Q — R? by the dynamics:
7(11—&-1 :Fn(Xa VOVa’aTL?EnJrlaE?z—I—l)v nga ::PO(XS,QM}—S)_I, (2'1)

n>Vn
where Xo € L2(Q, Fo,P), and F := o(e¥,...,e0), FY := {0,Q}. We also introduce:
pn =Po (X3 [ F)7 nep)
We denote by A the class of closed-loop controls of the form
U = an (X2, p0%), an : R X P (RY) — A, n € [p—1].

The law p2® is determined by the controls up to time n — 1; it is therefore available before the

choice of .



Given Borel maps f, : R? x P1(RY x A) x A = R, n € [p—1], and g : P;(R?) — R, we consider
the control problem

p—1
Va() := supE X o) o) | =g as. (2.2)
@ k=n

The running rewards are assumed integrable under admissible controls, and all value functions con-
sidered below are finite.

Dynamic programming principle. We justify the existence of a dynamic programming prin-
ciple for the control problem (2.2). Observe that the control problem (2.2) can be rewritten as the
standard finite-horizon Markov Decision Process (MDP) problem:

Vo(po) = sup E

(VOr--anfl)

p—1
> re(ve) +g(uZ)] : (2.3)

k=0
with state process p” driven by:
ph = ((x,a, z) = Fy(z,vp,a, Z,€2+1))#(Vn(d.%', da) ® \:(dz))

= OV, e0,1), (2.4)
actions v, € I'(14), where I'(p) := {(Id, a(-, u))pp : @ € LO(R? x P1(R?), A)}, and

(V) == /RdxA fu(z,v,a) v(de, da).

Then, under standard measurability and integrability assumptions, we have the Bellman equation
for the MDP problem:

Vi(p) = VZ?BL) {Tn(l/) + E|:Vn+1 (@n(y, 5%+1))] } .

By definition of T'(u), this yields immediately the dynamic programming principle:

Vaw) = sup  E|fu(XE 08, a(Xn, 1) + Vit (@ (v, IXS, Y], (25)
a€LO(Rex Py (R9),A)

where v2 = Po (X%, a(X2, 1) | 50)71

2.2 The N-particle problem in discrete time
For N € N*, we define the N-particle problem:

N p—1
VnN(:I:) = sup E Z Z (X k ,u X2 ay)) ,a,) -l-g(u%a) , (2.6)
acAy i=1k=n g
where X @ := (X! ... X%N) is a solution to:
Xoedy = Fn (X537, 10k vy O Emg 10 En1)s - Xt = . (2.7)

with (/) je[n]+ i-d.d. copies of €, independent of the common-noise sequence. Denote by Ay the set
of Markovian feedback controls

a, = an (X)), an : (RHYY — AN measurable, n € [p—1].



2.3 Convergence rate

Assumption 2.1. (i) x — V¥ (x) is continuous, and there exists a constant L such that:

sup |[Vo(u) = Vo (v)| < DWh(p,v)  for all p,v € Pl(Rd).
né€lp|

(ii) There exists a constant C' > 0, independent of N and p, such that, for every N > 1 and
z € (RHN,
1N
sup = S E[ sup [ X1 < O(1+md (@),
a€An +V g1 nelp]

where mY (&) := N~UVSN | |24 |? and the particle system starts from X§ = @.

(iii) For everyn, every (z,p,a, z), the law of Fy,(x, 1, a, -, z)#Ae is absolutely continuous with respect
to the Lebesque measure on R?.

Theorem 2.2. Let Assumption 2.1 hold. Then we have, for some constant C > 0O:
Voluz') = V5" (2)] < C(L+m3 (x))pRy,  for all x € (R,

where:

N=2(log(1+ N)Y?  ifd=1,
Ry :={ N~ Y2(log(1+N))>*?  ifd=2,
N-1/d if d > 3.

Proof. We write the proof for f,, = 0 to simplify the notation. Let us fix & = (z1,...,zy) € (R},
Step 1: We first assume that @ € Xg = {y € (R)N :y; £ y; for all i # j}. For each o € Ay,
we consider the particle system (2.7) starting from X§ = . Conditionally on o(XZ) V Fo,,, the
positions at time n + 1 are independent and their laws are absolutely continuous by Assumption
2.1(iii), implying that these positions coincide with probability zero. Thus, X € Xg almost surely
for all n € [p].

Now, for all n € [p] and y € (R)YN, we define

AN (y) = [Valpy) = Vi (y)l,

where V;, and V" respectively correspond to the value functions (2.2) and (2.6) starting from time
n. Let n € [p—1], and let & be an arbitrary admissible control prefix up to time n—1. For a € A"V,
we denote by a @, a the process defined on [n] x Q by (a @y, @)m = mlm<n—1 + aly=,. We also
set:

= o( X))V Fa

Recall also the map ®,, defined in (2.4). By (2.5) and the classical dynamic programming
principle for (2.6), we have:

AN (X)) =

sup E [Vn+1 (Pp (v e .1)) ‘ Xﬂ
a€LO(RIx Py (RD),A)

— sup E[an\il(Xa@”a) , (2.8)

n+1
acAN

Xﬂ

with, for a € LY(R? x P;(R?), A), v¢ := (1d, a(-,ﬂf,\’(g))#u]}g. We also write:
a(y) = (alyi, my ), - - alyn, 1y))-

7



Then:

N
Vi = 7 2 ke k)

n 7N/X{x

and the definition of ®,, gives

-1
a
n+1) :

Since X € Xg almost surely, every vector (aj,...,an) € AN can be realised, at each fixed

N
1 k7 €B’ﬂ 7?
(I)n(ygag1()1+1) = N ZP ° (anl ol
k=1

configuration, by setting a(X%*, u¥o) = a. Hence, setting

-1
(0%
n+1) )

N
0 1 k.
Bl = N ZPO (anl *
k=1
we may unify the two suprema in (2.8) and obtain:

AN(X2) < sup B[V (i) =V,

n
acAN

< SUAI?V E [LWl (Mggla’ MXa@n“) + AnJrl(X??iBlna) ‘ Xrott} ’
ac

N (X ’Xﬂ

where we used Assumption 2.1(i). Conditionally on G, , the next particle positions are independ-

ent, with average conditional law ,ug’fia. Applying the second-moment estimate (A.1) of Lemma
A.1, with ¢ =1 and ¢’ = 2, and then the tower property, gives

1/2
AY(XE) < sup BICMy (a3 Ry 4+ AL (X0 )
ac

x2|, (2.9)
where:
0 0 k, n
M (:u’nrla) = /]Rd ’35‘2/%4?1(1 ZE[anl@ a ’ g—i—l]

Fix now d > 0. Let a® : (RN — A" be a measurable map which is §/p-optimal for the entire
supremum in (2.9). Write a® := a%(X¢). Taking expectations, we obtain

1/2, 0, . 0
E[AN (X)) < CRNE[MQ/ (Mnffl )]+ E[AY (X d o )] + b
By Jensen’s inequality, the tower property, and Assumption 2.1(ii), we obtain:

1/2
) < (5 Ll )

1/2

<C(1+md(z) " <O +m)(z)).

where C' denotes in each inequality a generic nonnegative constant, independent of p and N. There-
fore,

E[A)(X)] < C(1+my (x)) Ry +E[An+1(ngfa )]+ 2 (2.10)



Iterating this construction, and observing that A;}V = 0, we obtain by backward induction:

p—1
1)

Ay (z) < C(1L+md(x))pRy + ) b C(1 +m3'(x))pRy + 0.

n=0

Letting § — 0 yields
Al (x) < C(1+mi (x))pRy.

Step 2: We now assume x ¢ Xg . Then, for n arbitrarily small, we may construct " such that
x' € XJ;Z and | — x"| < 7. Then, applying the result of Step 1, we have:

AJOV(:B”) <C(1+ mév(a:”))pRN.

Letting  — 0 gives the desired inequality, as md and ViV are continuous, while Wy (u2,, uX) <
N='S |2} — x| — 0 and Vj is Lipschitz by Assumption 2.1(i).
[ |

2.4 Extension to the path-dependent case

We now extend our results to the case where the controlled dynamics are not Markovian. For
n € [p], set

E, = (]Rd)”'H, |wW|oo,n == ogllggxn |wg|-

Denote by W) o, the Wasserstein distance induced by | - |0, and, for m € Pa(E,), set

Mo o () i= /E w2, m(dw).

For w = (w!,...,w") € EN define
N Lo i N
my (w) = Z ’O.) ‘oo,n = MZ,oo,n(:u’w)‘
Nk::l

We also set . ‘
Efl\{# = {(wl,...,wN) e BN : ' £ W for alli;éj}.

For every n € [p — 1], let Fy, : E, X P1(Ep x A) x A x RE x RE" & R%. Let X be defined by the
dynamics:
0,

X1 = Fo(X%, Vg’a,an,anﬂ,&gﬂ), V0% =Po (XS, , anle®) 7, (2.11)

where X, € L%(Q, Fo,P). Also set:

my* :=Po (X%, | )71, n € [p].

n

In this subsection, A denotes the class of feedback controls:

0,a)

an:an(X,o/‘\n,mn y an:EnXP1<En) —>A7 ne [p_l]

Given Borel running rewards fi : B x P1(Er x A) x A = R and g : P1(Ep) — R, the value
function of the path-dependent mean field control problem is

p—1
V(m) :==supE | > fi( ,‘j‘\k,ug’a,ak) + g(mg’o‘) , md® =m as. (2.12)

acA k=n



For a € L°(E, x P1(E,),A), let

= (Id,a(-,m))#m,
P, (1™, 20) = ((w, a,z) = wBpt1 Fnp(w,v™ a, z, zo))#(ym’a(dw, da) ® \:(dz)),

where w @pq1 2 1= (wo, ..., wn, =) € Epqq for w € E,. Therefore:

0,0 __ m,a 0
myt =@ (V™ en 1),

and, as in the Markovian case, the following dynamic programming principle holds:

Vi, (m) = sup E| fu( X0 V™, 6 Xpnm)) + Vit (P (™, €9)) [ X5, €°] - (2.13)
a€lLO(Epn x Py (En),A)

Again, we define the corresponding N-particle problem:

N p—1
VnN(w) ‘= sup E Z Z fk /\k;: 7oék)a 062) + Q(M%G)] (214)
acAN i=1 k=n
where X := (X! ... X*N) is a solution to:
Jo, N i J 0
Xt+1 - Ft(Xg\g7ﬂ(Xf}\t,at)?ag7€g+1a€t+1)a X?\n = w. (2'15)

with (&7);en]+ i.d. copies of e. Again, Ay is the set of closed-loop controls: for each n, a, =
a,(X<,), where a,, : EN — A" is measurable.

Assumption 2.3. (i) w > V{¥(w) is continuous, and there exists a constant L such that:
(Vi (m) — Vi (m)| < IW1 oo n(m,m’)  for all n € [p], m,m’' € P1(E,).

(ii) There exists a constant C > 0, independent of N and p, such that, for everyn € [p], N > 1 and
w=(w,...,wV) e BN,

|
sup — Z ]E{\X,’“vo‘&’p} <C(1+ mév(w)),
k=1

acAN
with X9, = w

Note that no absolute-continuity assumption is needed here: distinct stopped paths remain
distinct after extension, even if their current positions coincide.

We now present our convergence rate for the discrete time non-Markovian problem. We assume
without loss of generality that p > 2.

Theorem 2.4. Let Assumption 2.3 hold. Then we have, for some constant C > 0, for allw € EY :

1
Vo(ml) = ViV (w)| < C(1 + md (w))pN ™~ 7D,
Proof. As in the proof of Theorem 2.2, we write the argument for f; = 0. We fix w = (w!,...,w") €

Eé\;é. For every n € [p] and every @ € EY, we define

AN (@) = |Vu(1d) = VN (@)].
For any particle control o € Ap, we consider the particle system starting from X%, = w. Since the
initial paths w!,...,w" are pairwise distinct, we have X%, € Eflv . for all n € [p], almost surely, as

two distinct paths in E,, remain distinct after being extended to paths in Ey 1.

10



Let n € [p — 1], and let o be an arbitrary admissible control prefix up to time n — 1. Set
._ 0
Ony1 = 0(X3,) V Py

By (2.13) and the classical dynamic programming principle for (2.14), we have:

AY(XG,) = sup  E[Varn (@ e000)) | XS] - sup B[V (X059)
aG]LO(EnXPl(En)yA) acAN

X%

(2.16)

where % := (Id,a(-,u%'m))#y%%n. For a € LY(E, x P1(E,),A), set

a(w) == (a(w', 1), ., a(@", 1),
Then
1N
Y Nk; (XSmaXRani )
and
®, (Vi Ent1) = Z ( ]j\sza(xﬁn) 3+1)_1-

Since X%,, € ET{LV ” almost surely, any prescribed vector of actions can be realised by a measurable
a on the finite set of distinct stopped paths. Thus, at each time n, the two action sets in (2.16)
may be identified. For a € AN, we write

It then follows from (2.16) that

A (Xha) < SelkpN “V"“ (M) = Vil (X55n9) HXS‘W]
a

0,a,a N abna
< sup E LW17m7n+1(mn+1 ,mXa@na) + AN (X559
aEAN An+1

Xf;n] |

1
Set Ry := N @D, By Assumption 2.3(i) and Lemma A.2, applied conditionally on Gf,,, we
obtain

AN < sup B ML (22 R+ A (XS5

X‘in] , (2.17)

where we used the fact that the constant-extension map

Ln—i—l,p(WOp e )Wn—i-l) = (w07 ey WntlyWnt1y - 7Wn+1)

is an isometry from (E,i1,] " |oon+1) into (Ep,| - [sop). Lemma A.2, applied to the push-forward
conditional laws under ¢,41p, therefore gives the rate N —1/[de+1)] with a constant depending only
on the physical dimension d. Moreover,

M2,oo,p((bn+1,p>#m) = M2,oo,n+l(m)» m € Po(Ent1),
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so the moment appearing in Lemma A.2 is exactly the one associated with |- o n+1. In particular,
the constant C' in (2.17) is independent of p.
Thus,

07 ) 07 )
My () = [ ol m ()

n+1
1 Y k
— ,aBbna |2 o
- N Z E[’X-/\n—i—l oo,n+1 ‘ gn—s—l} :
k=1

Fix 6 > 0. By the measurable-selection convention stated above, choose a measurable map
ad : EN — A" which is 6/p-optimal for the entire supremum in (2.17). Setting a’ := a’(X%,,)
and taking expectations gives

E[AN(X2,)] < CRyE[M,/ 0,000°
[ n( /\n)] = N [ 2,oo,n+1(mn+1 )]
N " S (5
+E[AY(X5255)] + 5

By Jensen’s inequality, the tower property, and Assumption 2.3(ii), we obtain:

N 1/2
2 5 1 nab
E[Mé,éomﬂ(mg’fi“ )] < <N ZE“X-]CA%%G c2>o,n+1}>
k=1

1/2

<C(1L4+my(w)) " < C1+md (w)).

Consequently,
5
E[AN(XS,)] < C(1+md (w) Ry + E[AY, (X5819°)] + > (2.18)

As in the proof of Theorem 2.2, using the fact that Af,v = 0, we obtain:

p—1
Al (w) < C(1+ mév(w))pRN + Z Z =C(1+ mév(w))pRN + 6.

n=0

Letting § — 0, we conclude that
Vo(md) = Vi¥ (@) < C(1 +m} (w))pN ™ 75D,

The extension to w ¢ Eé\;é follows by an argument similar to that in Step 2 of the proof of
Theorem 2.2.
|

2.5 An explicit feedback example with a full path-law rate

We construct a path-dependent model in the full control classes of (2.12) and (2.14), with an explicit
optimal feedback and a value gap of order N~/ ®+1) for fixed p.

Fix p > 2, set D = p+1, and write Up for the uniform law on [0, 1]”. In the notation of (2.11)-
(2.12) and their N-particle counterparts (2.15)— (2.14), take d = K = K’ = 1, the action space
A = [-A, 4], idiosyncratic noises €,11 = {41 ~ UJ0,1] independent across dates and particles,
and the degenerate common noise £’ 11 = 0. Let By, ¢, : E;y — R be nonanticipative maps whose
supremum norms and Lipschitz constants are bounded uniformly in n and p, with |¢,| < A. For

12



example, both maps may be nonzero multiples of tanh(maxo<x<p wy). For w € E,, v € Pi1(E, X A),
a € A, and z,2° € R, the transition map is

Fn(w,l/,a,z,zo) ::B ( )+G+Z,
X1 = Fa(X 50, v, any €nt1,0) = Ba(X5,) + an + &nyt,s (2.19)
X0 = Bu(X3) ok + &y, i=1,...,N.

For the terminal reward, use the fixed set of integer resolutions
S:={[2M":k=0,1,2,...} ={1,2,3,4,5,6,7,8,10,...}.

For ¢ € S, let Q, be the cubes of side h; = 1/q in the regular partition of [0,1]P. If Q =
[17_olbe, by + hg), define the tent function on RP by

Ve0(2) = ( min {z@—bg, be + hg —Zg}) Hp(v):=sup » ’/w%Qd(V—UD) :

The functional Hp compares the joint path law with Up using smoothed histograms. The tents
replace bin indicators and downweight paths near cell boundaries; absolute values prevent cancel-
lation between cells, and the supremum selects the largest discrepancy. The resolution set S is
independent of IV, contains all dyadic powers, and includes intermediate scales. Each signed sum
ZQEQQ 5QYq,Q, Sg € {—1,1}, is 1-Lipschitz for the maximum norm: the tents have disjoint interiors
and vanish on their boundaries. Consequently,

’HD(I/) — HD(I//)‘ S W17007p(y, V/), 0 S HD<I/> S Wl,oo,p(l/; UD) (220)

The integral of one tent under Up is

hDJrl
/¢quUD W (2.21)

For w € E,, define its residual path R(w) € R” by

Ro(w) = Wwo, Rn+1(w) = Wnp4+1 — Bn(w():n) - ¢n(W0:n)-

The states X, take values in R. Under the feedback oy, = ¢, (X .An), the residual path is R(Xo.p) =
(Xo,£&1,-..,&) and lies in [0,1]” when Xy € [0,1]. Other controls may move residuals outside this
cube, where the tents vanish. Since the tents are defined on all of R”, Hp(Rxm) is well defined
for every admissible path law. Choose A > 0 and p > \. For w € E,,, v € P1(E, X A), a € A, and
m € P1(E,), the rewards in (2.12) and (2.14) are

fo(w,v,0) = —pla—dn(W)|,  g(m) = —AHp(Rym). (2.22)

This is a calibration problem with costly interventions: B,, is a history-based prediction, ¢,, the pre-
ferred action, and the later coordinates of R are the innovations inferred after subtracting both. The
terminal reward compares the joint law of the initial position and inferred shocks with independent
uniforms, while the running reward charges deviations from ¢,. Under the preferred feedback and
a uniform Xy, the residual law is exactly Up; the midpoint grid used below approximates this ini-
tial law. A particle controller might improve empirical calibration by changing actions, but p > A
makes the intervention cost dominant. This is a stylised model in which the law dependence is in
the terminal reward, and the value gap isolates path-law sampling.

13



In the notation of the framework, with no common noise, 9% = L£(X%,,a,) and m2® =
L(X,,), and mp = L(X§,) in the notation above. The admissible controls are:
ap = an (X, my®), an = an(X5%,),

where a,, : E, x P1(E,) — A and a, : EY — AV are measurable. In particular, a,, may use the
whole stopped-path configuration. For an initial law m € Py(Fp) and initial configuration = € E},
with £(X§) =m and X§ = @, the two problems specialise to

W)( ) = Sup { pE Z |an ¢n Xo/é\nﬂ - )‘HD (R#E(Xgp))} ’

acA
2.2
T | (2.23)
Vl(@) = sup E |—=>"" |aj, — ¢n(X55)| — AHp (Rgma) | -
acAN N ==

Proposition 2.5 (Full feedback optimiser and path-law exponent). For the full control problems
(2.23), with data (2.19) and (2.22), the feedback

ay(w,m) = ¢n(w),  an(w) = (¢n(w),..., dnw™))

s optimal in the full mean-field and N -particle control classes, for every admissible initial law and
every initial particle configuration. Assumption 2.3 holds with constants independent of p and N.
In particular, take the deterministic initial configuration x; = (i — 1)/N, 1 <i < N, and set

_ _ 1Y
on=mg @U[0,1P, Dy = DI I
=1

Then the value gap of Theorem 2.4 is exactly
AN(p) = Vb(mw ) VO = )\{E Hp VN)] HD } > 0. (2.24)

For D=p+1 >3, define

Cene 4 L6 A
b DD +1)(1-2-D/2) " D’ PT8(p+2)
Whenever N?/(+1) > 9(p 4 2)e5/3,
NI < A () < ACE™EN D) 225)

The upper bound holds for every N > 1. Moreover, C’%ense < Cgense for all D > 3, so the upper
constant can be chosen independently of p.

The proof is given in Appendix B.1.

Under the optimal feedback, the residual paths are (z;,&%,. .. ,5;). For N = ¢P and ¢ € S,
each path cube of side h = 1/q has ¢”~! particles whose initial positions lie in its first-coordinate
interval. Each places its remaining coordinates in the cube with probability g~ P~ The expected
occupancy is one, and the probability of being empty is

(1- (]_(D_l))ql%1 — el asq— oo

Each empty cube contributes h”*+1/[2(D +1)] to the discrepancy. Summing over the ¢” cubes gives
an expected contribution of order h = N~Y/P| explaining the exponent. Retaining n + 1 residual
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coordinates gives ¢"*! cells with average occupancy N/q"*!: each additional coordinate divides this
occupancy by ¢. The target Up is independent of N, and the midpoint initial law contributes an
O(N~1) correction by (B.2). For fixed p, the proposition bounds NP+ AN (p) above and away
from zero for sufficiently large N. The maximising resolution may vary with N.

Corollary B.1 in Appendix B gives computable bounds on Ay (p) for every N > 1 and p > 2,
using finitely many resolutions and a deterministic bound for the remaining ones. Figure 5 compares
them with Monte Carlo estimates.

3 Convergence rate for continuous time problems

We combine the discrete-time particle convergence rates of Theorems 2.2 and 2.4 with time-
discretisation error bounds to obtain quantitative convergence rates for continuous-time control
problems.

3.1 The path-dependent control problems
For w € X := C([0, T]; R?), set

T 1/2
ol = (/ |ws|2ds> el = sup i,
0 s€[0,T

and define the Wasserstein distances:

Wia(m,m') ;= inf / lw — W'l y(dw, dw'),
yell(m,m') JxxXx
Wi so(m,m’) ;= inf / lw — W |0 Y(dw, dw'),
yell(m,m’) Jx xx

Unless stated differently, the measurable structure of P;(X) is associated with W «. Also note
that:

N
1
WLQ (ma m/) < \/TWLOO(m> m,)v W12,2 (Hi}va Mw N Z (3'1)
Here W o is induced by | - |-

We work on a probability space carrying a d-dimensional Brownian motion W and an initial
sigma-field G, independent of W. For each initial law p € P;(R?), we take a G-measurable random
variable Xy with law p, and require that G also contain a uniform random variable independent of
Xo. We denote by F = (F;)o<t<7 the usual augmentation of GV o(Ws : 0 < s <t), and by A the

set of F-progressively measurable A-valued controls.
For b:[0,T] x X x P1(X) x A = R% and o : [0,T] x X x Py(X) — Sy, consider the dynamics

t t
X =X0+/ bs(X?’Rmm?,as)dS*/ 0u(X9,,m$)dW,,  m =Po (X3,)7, (3-2)
0 0

for a € A. Given f:]0,T] x X x P1(X) x A - Rand g : P1(X) — R, we define the value function:

T
Vo(u) = sugE[ /0 ft<Xfxt,m?,at>dt+g<m%>], n=PoX;". (3.3)
ae

The corresponding N-particle problem is defined by dynamics and value functions:

t
Xt“)‘—a:mL/ b (X' mie )ds+/ oy (X2, m¥a )W, i€ [N), (3.4)
0
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Vi (@) i= sup [ z / F(X UG me af)dt + g(m¥e) | (35)

acAn

Here the W* are independent d-dimensional Brownian motions and Ay consists of open-loop controls
adapted to their joint filtration.

Assumption 3.1. We assume the following:
(i) A is compact.
(ii) b is continuous in a € A. Moreover, there is a constant L > 0 such that, for allt,t',w,w’,m,m’ a:
|by(w,m,a) — by (W',m, a)|+|o(w,m) — op (W', m')]
< L(Jt - 1t'|1/4 + |w.at — Waplz + Wi 2(m,m')),
and supi<r qep (|6e(0, 00, a)| + [|01(0,d0)||r) < L.
(iii) f is continuous in a. Moreover, there is a constant L > 0 such that, for all t,t',w,w’,m,m’ a:
|felw,m,a) = fu(e,m',a)| < (|t =tV + |wnr = wlaplo + Waa(m,m)),
lg(m) — g(m/)| < LW 2(m, m’),
and supgep | fo(0, 80, a)| +9(do)| < L;

(iv) For every (t,w,m), the set

K(t,w,m) := {<ftbt(w’m’ @) 77) ca €A n> O} (3.6)

(w7 m, Cl) -
is closed and convez in R4,

3.2 Discrete time approximations

Fix a uniform grid 7 = {tx, = kh : 0 < k < p}, with h = |x| = T'/p. We denote by A" the controls
in A which are constant on each interval [ty,tx+1). For n € [p], let £;, : E, — X be the affine
interpolation through to,...,t,, extended constantly on [t,,T], and set £ = ¢ ,. These maps are
also applied componentwise to vectors of paths. For a™ € A", consider the dynamics:

X7 = X[+ hby, (Lr g (X™),m, )

tet1

i o B (3.7)
+ 04 (Ce o (X, M) AWy, mp® =P o (e (X™) 7
where AW, =Wy, — W;,. We then define the control problem, for m € P1(E,):
p—1
Ur(m):= sup E|h Z Tt (L (X7 ),mfk’a,a?k) +g(m7) |, mﬁa =m. (3.8)

aTeAT

For the particle problem, let A% be the set of elements of Ay constant on each [tg,tx41),
k=0,...,p— 1. For a™ € A%, consider the dynamics:

X = Xy 4 By, (G o (X)) (xmays )

teta (3.9)
+ oy, (gﬁ,k (X", MZ,k(X”’a))AngH :
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Here X™% = (Xtme  XN™a) We then define, for w € EY, the control problem:

T h Al 1,7 1,7
l—]7jlv7 (UJ) ‘= Sup E NZ Z ftk (gﬂ,k(X ’ 7a)7/1/é\;k(X7r,a),at;c ) +g(mZ(X7r,a)) y (310)

ame Ay, i=1 k=n

where X = w.

The problems (3.8) and (3.10) use open-loop controls. Proposition D.1 shows that their value
functions coincide with those obtained using suitable randomised feedback controls. Together with
the regularity estimates in Appendix D, this allows us to apply the discrete-time comparison of
Theorem 2.4 and obtain the following bound, with a constant uniform in the grid.

Lemma 3.2 (Particle convergence for the discrete time problems). Let Assumption 3.1 hold. There
is a constant C' > 0, depending only on T, d and the constants in that assumption, such that, for
every N > 1, every uniform grid with p > 2 and h = T/p < 1, and every & € (RH)Y,

U5 (@) = U5 (m2)| < C(1 4 m} (@) p N~/ (3.11)

In particular, C is independent of N, p and x.

3.3 Main result

Theorem 3.3. Let Assumption 3.1 hold. For every N > 1, every uniform grid with p > 2 and
7| <1, and every = € (RHYN, we have, for a constant C independent of 7, N and x:

VoY (@) = Vo(md)| < C(1+m) () (hV/* 4 pN—1/1E1]). (3.12)

In particular, for every N > 3:
log(log(N))\ /*
Vi (@) = Vo(m3)| < C(1+m3 (@) Ry, RN;:(O%éimn) N RE)

Proof. Lemma 3.2 gives the population estimate (3.11) for the time-discretised problems.
Lemma C.1 and Corollary C.2 give, respectively,

V¥ () — Uy "™ ()] < C(1+md (x))h/*,
Vo(i) = UG ()| < C(L+ma(u) 201", for all u € Py(RY).

The triangle inequality proves (3.12). For large N, take

log N J

b= {leog log N

Then py > max{2, T} for sufficiently large N,

1y bglogN)l/ ! /(1)) _ (1)
Pn _O<< log N ' pNN =0 log Nloglog N )~

This proves (3.13). [ |

Remark 3.4. For fized N, refining the time grid decreases h'/* = (T/p)1/4 but increases the
population bound pN e+l 4, (3.12). The factor p accounts for the accumulation of one-step
errors, while the exponent reflects the dimension d(p + 1) of the discrete path space. The choice
p = pN in the proof tends to infinity slowly enough that both terms vanish. Along this choice, the
population term is of smaller order than the time-discretisation term, giving the logarithmic upper
bound in (3.13).
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3.4 The Markovian case

We now discuss how our convergence rates improve under Markovian structure. Assume that
bi(w,m,a) = bi(w,my,a),  or(w,m) = op(we,me),  fi(w,m,a) = fi(wr,me,a),  g(m) = g(mr).

We assume the Markovian analogue of Assumption 3.1, with the path distances replaced by the
Fuclidean distance and W, and with the time regularity strengthened to

|bt(:c,,u,a) - bs(xlnulaaﬂ + HUt(xaM) - US("EIMU’I)HF
+ ‘ft(xnu'a a) - fs<$/7lu'l7a)’ S C(’t - 3’1/2 + ’m - .%'/‘ + Wl(:u'u M/))

The compactness and Filippov convexity assumptions are unchanged. We also assume that the
Euler transition kernels are absolutely continuous; this holds, for instance, if

Ut(x7 ,u)ot(a:, M)T > )\Id

for some A\ > 0.

There are two differences with the path-dependent case. First, the state space of the discrete-
time problem is now R¢, independently of the number of time steps. The randomisation argument
of Appendix D, with the current state in place of the stopped path, therefore allows us to apply
Theorem 2.2. Hence

|Us"™ (@) = Ug (my))] < C(1+m3 (x))pRy.a,

where
N=V2(log(1+ N)'?, d=1,
Ryg:=<{ N~Y2(log(1+ N)*? d=2,
N-Vd, d>3.
/4

Second, the time-discretisation estimate can be improved from order | to order |m|'/2.

Indeed, in the Markovian setting, the state comparison may be performed directly at the grid
points. If

N
1 ; —i
o= L SB[ - X,
i=1
then the path-dependent argument of Appendix C leads to
k
ext1 < (1+ Clm))er + C(1+ mév(w)) \7r]3/2 + C]W]z Z ey.
=0
In the Markovian case, this is replaced by
ert1 < (L4 Claley + C(L+my (@) |x?,

as there is no longer any error coming from the reconstruction of the past trajectory. Moreover,
the integrated centred drift residuals arising from the Filippov projection can be kept as discrete
martingale increments: their conditional means vanish and their second moments are of order |r|2.
Together with the 1/2-Hélder regularity in time, this gives the local error of order |r|?> above.
Discrete Gronwall therefore yields

<C(1 N .
ax e < C(L+my (z))|7]
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The Lipschitz continuity of the running and terminal rewards then gives a value error of order
|7|'/2. Together with the 1/2-Holder regularity in time and the Lipschitz assumptions, this yields,
uniformly in N,

Vi¥ (@) = Up ™ (@) + [Vo(my) = Ug (m)] < O (1 +m (@) |x|"/2.

Therefore, we obtain
R
Vi¥ (@) = Vo(md)| < C(1 +mb(@)) <|7r|1/2 n Md) .

Choosing h of order R?V/fi gives

NV (log(1+ N)YC, d=1,
V¥ () — Vo(md)| < C(1+mb (x)) { N~/ (log(1 + N))/*, d =2,
N-1/3d) d>3.

For d > 3, the exponent 1/(3d) is reminiscent of the dimension-dependent rates obtained in the
Markovian mean field control literature. In particular, Daudin, Delarue and Jackson [10] obtain, up
to an arbitrarily small loss in the exponent, the rate N~2/(34+6) in a more structured setting: the
state space is the torus T¢, the idiosyncratic volatility is constant and non-degenerate, the control
enters additively in the drift, and the Hamiltonian is uniformly convex in the momentum variable,
while the interaction costs are assumed Lipschitz and semiconcave with respect to the 1-Wasserstein
distance. Their rate is sharper than the one obtained here. On the other hand, the present argument
is set on R%, allows for a state- and measure-dependent uncontrolled volatility and for more general
drift and reward functions, and follows directly from the discrete-time empirical-measure estimate
combined with a uniform-in-N Euler approximation.

4 Numerical experiments

We compare the mean field and particle values in three controlled examples: a scalar Markovian
model, its common-noise extension, and the path-dependent model of Proposition 2.5. The first
two illustrate the convergence in Theorem 2.2. In the third, we vary the number of time steps to
examine the dependence of the convergence rate on path dimension in Theorem 2.4. Table 1 collects
the simulation settings.

4.1 A controlled Markovian benchmark.

Let p € N*, h = T'/p, and consider the scalar controlled particle dynamics
. A . _ . A _ 1 N
X/Zc-i—l :Xlzc—{_h(_HX]i_‘_AXk_‘_a}c) +O-\/E£IZ€+17 X/f = N;X}ga

where a}; € [-A,A], A> 0, 0 > 0, and the 512: are independent standard Gaussian variables. We
maximise the reward

ch PN _
E|-% > lail - | X, - 6]| .
k=01=1

Here ¢ > 0 is the intervention cost. We take X = 0 for every particle and the same initial state in
the mean field problem, where the empirical mean is replaced by the law mean. For this model and
its common-noise extension, we compute the value gap

Ay = |Vo(ud) = Vi (o)), xo = (0,...,0).
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Write ay, := N ! Zi]\il al and Zpy1 = N—1/2 Z-]\Ll 512+1- The Zj, are independent standard Gaussian
variables. The scalar reduction is exact for the full feedback control class: the mean dynamics
depend on the actions only through their average, while N=1 3", |al| > |ay|. Every feasible average
action can be implemented by giving it to all particles, so a one-dimensional Bellman recursion
computes the value of the full particle control problem. The mean field reduction follows by the
same convexity argument. Writing r := 1 4+ h(\ — k), the mean field mean satisfies

Mmeg41 = Mg + hak,

whereas the N-particle empirical mean satisfies

_ _ [
Xk-+1 :TX]g+hC_l]g+U NZk+1

The next innovation Zj,; is independent of the full particle history up to time k. Backward
induction in the scalar Bellman recursion therefore bounds the reward of every particle policy from
above. Equality is attained by applying a maximising scalar feedback to all particles.

The controller regulates the population mean towards the terminal target, balancing the tracking
error against the cost of intervention. For the chosen zero target, the mean field can stay exactly at
the target without acting, whereas the finite population retains sampling fluctuations. The following
calculation explains their effect on the optimal value.

Proposition 4.1 (Rate and scaling of the Markovian benchmark). For § =0, ¢ > 0 and o > 0,
with all particles initially at zero, Vy(dg) = 0 and, for every N > 1,

(4.1)

For fixed model parameters, / N Ay is nonincreasing in N and converges to a finite, strictly positive
limit.

Proof. All rewards are nonpositive, and zero control keeps the mean field mean at zero, proving
Vo(dp) = 0. Conditional on the particle history at time p — 1, the terminal empirical mean is
y+ o\/h/N Z,, where y = r)_(p,l + hap—1 is known and Z, is an independent standard Gaussian.
Symmetry and convexity show that E|y + o+/h/N Z,| is minimised at y = 0. Nonnegativity of the
running cost therefore gives the lower bound in (4.1), for every admissible feedback policy. Zero
control gives a centred Gaussian terminal mean with variance (o2h/N) Z?;é r2J, proving the upper
bound.
For the scaling assertion, define J,(B) as the infimum of

p—1
Echy bl +Ypl| s Yigr =rYe+hbp + Vh Zepr, Yo =0,
k=0

over scalar feedback controls with |by| < B, where the Z, are independent standard Gaussians. The
exact scalar reduction and the rescaling Yy, = VN X /o, by = VNayg /o give

VNAN =0, (A*/N> . (4.2)

g

The admissible control sets increase with B, so J,(B) is nonincreasing. The positive lower bound
and finite upper bound in (4.1) then give the stated limit. [ |
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We compute the scalar value functions on a state grid, using linear interpolation and analytic
integration against the Gaussian transition. The optimal action moves the uncontrolled next mean
towards an interval where zero control is optimal, subject to the action bound. Thus no action grid
or numerical Gaussian quadrature is needed. In the left panel of Figure 2, the solid curve shows the
resulting value gaps, and the markers evaluate the computed policies by independent Monte Carlo
sampling. The remaining numerical approximation is the state grid. For N € {16,64, 512,2048},
the finest grid comparisons change the gaps by less than 0.001%; doubling the state domain at fixed
spacing changes them by less than 0.00001%.

These bounds establish the N~1/2 exponent for this benchmark, without the logarithmic loss
permitted by the general estimate of Theorem 2.2. The fitted slope —0.513 in Table 2 is consistent
with (4.2): as N grows, the fixed action bound becomes less restrictive relative to the sampling
fluctuations. Over the tested range, vV NAy decreases from approximately 0.304 to 0.282, while
zero control gives the constant 0.6995. The feedback therefore reduces the total expected loss,
including the running cost, by approximately 57-60% relative to zero control. The Monte Carlo
estimates and dynamic-programming values differ by at most 0.05% in these runs.

4.2 A controlled common-noise benchmark.

We add common noise of amplitude g9 > 0 to the Markovian model, using independent standard
Gaussian innovations 52 shared by all particles and independent of the idiosyncratic noises:

X 1=Xi+h (—/@X,i + AX} + az) +ovVheél +ooVhEL.
Writing M}, for the population mean conditional on the common noise, we obtain
M1 =rMy + hag + Uo\/ﬁfg+1,

whereas the particle empirical mean satisfies

_ _ [h
Xk+1 :TXk+h(_Ik+UO\/E£2+1+U NZk—’_l'

The reward and initial state are unchanged. The same scalar reduction applies, with noise amp-

litudes o¢ for the mean field problem and (/o3 + 02/N for the particle problem. When oy = 0,
we recover the preceding Markovian model. The following estimate explains why positive common
noise can give faster convergence.

Proposition 4.2 (Noise-amplitude comparison). For v > 0, let wf(x) be the scalar value functions

defined by
wy () = —|z — 0],
wy(r) = sup {—ch|a| +E {wzﬂ(rm—kha—l—l/\/ﬁZ)}}, (4.3)
la]<A
where Z is standard Gaussian and the recursion holds fork=p—1,...,0. Forv,v > 0,

sup |wg () — wh(@)| < Tylv — Lp = \/TLZ Il (4.4)

In particular, with vy = \/Ug—l—T/N, the full value gap of the common-noise benchmark satisfies,

whenever ag > 0,

2 2

Ipo Ipo
N(vny 4+ 00) — 200N

AN S Fp(I/N - 0’0) = (45)
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Proof. Using the same action and Gaussian innovation for two initial states in (4.3), backward
induction gives
[wi(z) = wi(y)] < [rP~* e — g,

uniformly in v. Now set e, := sup,, |wZ(x)—wg(x)\, so e, = 0. Compare the two Bellman expressions
at the same state and action, and couple their transitions with the same standard Gaussian Z. The
preceding Lipschitz estimate gives

- _k—1 |2h ~
er < epy1 + [Py — VIE|Z| = epyr + [P 1\/?]1/ -7

The running costs cancel in this comparison. Taking the suprema over actions preserves the inequal-
ity, since the action sets coincide. Summing over k proves (4.4). The scalar reductions identify the
mean field and particle values with w{°(0) and wg™ (0), respectively. Substituting these amplitudes
and rationalising their difference proves (4.5). [ |

The additional empirical noise has standard deviation of order N~1/2 but in the presence of a
fixed positive Gaussian background it changes the total scalar noise amplitude by only order N 1.
Proposition 4.2 transfers this smaller perturbation to the optimised value over all p steps. The
bound is specific to this scalar reduction and is not uniform as og | 0.

For p =1, h =1 and 6 = 0, symmetry and convexity of the terminal loss, together with the
nonnegative intervention cost, make zero control optimal. The two terminal means are centred

Gaussians with standard deviations oy and /o3 + 02/N, so

2 (| o2
Ag\lf)—\/; Ug—i—ﬁ—ao

For op = 0, this equals o/2/(7N). For fixed oy > 0, it is /2/m0?/(200N) + O(N~2). In this
one-step example, positive common noise spreads the terminal mean around the point 0, where
the absolute-value loss is not differentiable. The transition between the two rates occurs around
N = 02/03. For 0 =1 and o9 = 0.25,0.5, 1, these scales are 16,4, 1, respectively.

For the numerical experiment, we compute both scalar value functions and evaluate their policies
by Monte Carlo sampling. We use the same standard Gaussian innovations in the two simulations,
multiplied by their respective noise amplitudes. This preserves both marginal laws and reduces the
variance of their difference.

The right panel of Figure 2 shows the resulting gaps. For og = 0.25,0.5, 1, the fitted slopes are
—0.979, —0.994, —0.998, respectively (Table 2). The closer agreement with —1 at larger common-
noise amplitudes is consistent with the one-step transition scales above. For fixed p and o¢ > 0,
(4.5) gives an O(N 1) upper bound. The Monte Carlo gaps differ from those computed by the
Bellman recursion by at most 0.39%.

4.3 An explicit full-feedback path-law value gap.

We now consider the path-dependent model of Proposition 2.5, with A = 1 and midpoint initial
positions. The proposition proves that a’ = ¢,(Xo.,) is optimal over all adapted particle controls.
We therefore estimate the value gap Ay (p) in (2.24) by simulating the corresponding residual paths.
For each sample of N paths, the tent discrepancy is evaluated exactly at each visited resolution,
and a deterministic tail bound certifies the supremum over the remaining scales. The correction
Hp(vy) is computed analytically.

Figure 3 uses p € {2,4,6,8}, N = 27 ...,2'8 and 50 independent repetitions per point. Fits
over the full N range have slopes —0.333, —0.198, —0.138, —0.102, respectively, compared with the
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Experiment Main parameters Reference and Monte Carlo setup

Scalar DP with 51,201 state points
on [—1.6,1.6], analytic Gaussian
integration and continuous
actions; N € {16,32,...,2048}; 5
seeds, 10° samples/seed

Controlled Markovian T=1p=12, Kk =045, A =0.15,
c=1,A=12,¢=0.08,0=0

Scalar DP with 102,401 state
points on [—3.2, 3.2], analytic
Gaussian integration and
continuous actions;

N € {16,32,...,2048}; 5 seeds,
10 samples/seed

Same controlled model, with
oo € {0,0.25,0.5,1}

Controlled common
noise

Full-feedback path-law | A=1,p € {2,4,6,8}, D=p+1,

midpoint initial grid

Analytic optimiser and
midpoint-law correction; certified
tent supremum; N = 27,...,2'8;
50 repetitions per point

Table 1: Parameters for the three controlled experiments. The two Markovian finite-/N references
use scalar dynamic programming; the full-feedback path-law gap uses the analytic optimiser and a
Monte Carlo expectation of the terminal discrepancy.

Experiment Parameter | Reference slope | Monte Carlo slope
Controlled Markovian - —0.513 —0.513
Controlled common noise | o9 =0 —0.513 —0.513
Controlled common noise | og = 0.25 —0.979 —0.979
Controlled common noise | og = 0.5 —0.994 —0.994
Controlled common noise | g = 1 —0.998 —0.998

Table 2: Least-squares slopes of the Markovian log—log value-gap plots over N € {16, 32, ...,2048}.
Reference slopes are computed from the solid curves in Figure 2; Monte Carlo slopes are computed
from the markers.

fixed-p guides —1/(p + 1) = —0.333, —0.200, —0.143, —0.111. For p = 8, the scaled means in the
right panel range from approximately 0.062 to 0.071, and the fitted slope depends on the chosen
range of N. These results illustrate the proved N~1/(+1) rate for each fixed p.

Figure 4 helps explain the variation of the scaled gap. At resolution ¢, the average number of
particles per cell is N/ ¢”. Doubling ¢ divides this number by 2°, which is 512 when p = 8. The
intermediate resolutions in & allow the maximising cell size to change in smaller increments as N
grows.

The left panel shows these changes at p = 8. Across the 50 repetitions, ¢ = 2 is selected at
N=128, g=3at N =2 ....212 g=4at N =282 and g =5 at N = 217,218 At
N = 256, the first two resolutions split the repetitions almost evenly. The right panel shows that
the sample standard deviation divided by the mean decreases with N.

Figure 5 compares the same 50-cloud means with the bounds of Corollary B.1. For p = 8,
N =28 and A = 1, taking M = 16 (qus = 32, qu11 = 39), R = 512 and s = 4800 in (B.5) gives,
rounding outwards,

0.01748608 < Ax(8) < 0.01762813.

The sampled mean is 0.01762459: the lower and upper bounds are 0.79% below and 0.0201% above
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Controlled Markovian Controlled common noise

1071 4
— Bellman reference ] — Bellman reference
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Number of particles N Number of particles N
(a) Controlled Markovian benchmark. (b) Controlled common-noise benchmark.

Figure 2: Value gaps for the Markovian model (left) and its common-noise extension (right). Solid
curves are computed by the scalar Bellman recursion; markers are Monte Carlo estimates obtained
by evaluating the computed policies. Vertical bars show 95% Student confidence intervals based on
five independent seeds and account only for sampling error. The dashed line in the left panel is an
N~Y2 rate guide.
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5 3
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Figure 3: Full-feedback path-law value gap from Proposition 2.5. Solid curves are means over 50
independent repetitions per point, and shaded regions show mean plus or minus one sample standard
deviation. Left: Ax(p), with separately anchored dashed N —1/(r+1) guides. Right: the same gaps
multiplied by N¥/®+1 The payoff uses the fixed resolution set S.

this mean. At the dominant resolution ¢ = 5, the expected fraction of empty cells is 87.44%, and
even the largest deficit threshold removes only about 0.67% of the cell side along each face. These
features help explain the close bounds. At N = 128, the upper bound is 0.042741, rounded upwards,
compared with a sampled mean of 0.039789; the finite-INV envelope is less sharp at small N.

The bounds concern the exact expectation. At N = 24, the sampled mean exceeds the upper
bound by 6.16 x 1075, or 0.54 estimated standard errors, consistent with sampling uncertainty. The
shaded bands show sample standard deviations across clouds; the standard error of the 50-cloud
mean is this standard deviation divided by /50.
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maximizing resolution, p =8 repetition-to-repetition variability

1.0 1 —~ 5 —— p=2
X
= —— p=4
f= -
5 0.8+ 5. —— p=6
=] c —e— p=38
6 ~
g 5
o061 EER
£ ——g=2 a=4| =
g —— g=3 : q=>5 §
2 0.4 524
f= e
(<} =
) ©
5 @
£0.2- @1
o
€
©
%]
0.0 1 0
25 7o e i e 7o 25 7o RE i s R
number of particles N number of particles N

Figure 4: Selected resolutions and sampling variability for the denser-scale full-feedback experiment.
Left: for p = 8, the fraction of 50 clouds at each N whose sample discrepancy is largest at ¢ =
2,3,4,5. The midpoint-law correction is the same across clouds at fixed IV; the selection refers to
the sample payoff Hyg(7y). Right: sample standard deviation divided by mean value gap, in percent,
for each p.

proved interval === finite-sample lower bound  =-@= 50-seed mean
= = finite-sample upper bound mean + one SD

p=8D=9(A=1)

4 %1072

3x107?

full value gap Ax(p)

2x107?

28 210 212 25.4 216 218
number of particles N

Figure 5: Finite-N bounds for the full-feedback path-law gap at p = 8 and A = 1. The solid
curve and shaded region are the same 50-cloud mean and one-sample-standard-deviation band as
in Figure 3. The dotted lower and dashed upper curves are the proved bounds in (B.6); the grey
region lies between them. At each N, the bounds use the initial segment gp;—1 < 8V 1/9 < qm
of the fixed resolution set. The upper bound uses R = 512 in the proved finite sum (B.3) and a
numerically selected s > 0 in (B.5).
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Technical Lemmata

Lemma A.1 (An extension of Fournier and Guillin [13]). Let N € N*, 1 < q < ¢/, and Z :=
(Z1,...,ZN) be a sequence of independent R%-valued random variables such that py, == P o Z,;l €
Py (RY) for all k € [N]*. Then, denoting p'¥ := % SV g and ph = % SN 107,

E[Wq(qu MJZV)} < OMql’/q (#N)RNv

where M, (v) := [ga|z|"v(dz), with C' a constant independent of N and:

N-VY2 4 N—(d'~a)/ed if g >d/2 and ¢ # 2q,
Ry := N_1/2q(log(1 + N))l/q + N—(@'~9)/ed if q=d/2 and ¢ # 2q,
N-VYd 4 N—(d'—a)/ad if0<qg<d/2 andq # ddqu.
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For the critical case ¢ =1 and ¢’ = 2, we have:

N=Y2(log(1+N)V2, d=1,
B[ (™, 1)| < OMy2 (1Y) § N=12(log(1 + N))P/?, d =2, (A1)
N-1/d d >3,

where C' depends only on d. No moment of order greater than two is required.
The same bounds hold conditionally under conditional independence.

Proof. We follow the proof of Fournier and Guillin [13, Theorem 1]. We first spell out the modi-
fication needed to pass from i.i.d. samples to independent, non-identically distributed samples, and
then give the additional summation for ¢ = 1, ¢ = 2. In that proof, after the standard dyadic
decomposition of R? into shells and cells, the only probabilistic input is the following estimate: for
each cell A, one needs a bound on

Eflug (A) — N (A)]].

We now prove that the same cell estimate as in the i.i.d. case remains valid with p& = N~! Zfﬂvzl k-
Let A C R? be Borel and set py, := uz(A). Then

1Y 1 &
pig (A) = N Z liz,ea1s PN (A) = N ZPk-
k=1 k=1
The random variables 1(7 c 4 are independent Bernoulli random variables, hence

1N (A)
-

N
Elug (A) — u™(A)] =0,  Var(ug(A)) = % > pr(l—pr) <
k=1

By Cauchy-Schwarz’s inequality,

N
N N p (A)\1/2
E[lug (4) - ¥ ()] < (F5—)
We also have the trivial bound

Ellpug (A) — pN(A)|] < Elug (A)] + 1 (A) = 217 (A).
Therefore

N 1/2
B[l (4) — 5 (4)]] < min {M(A), (2L } |
This is precisely the binomial cell estimate used in Fournier and Guillin [13]; the binomial structure
is not used elsewhere in the dyadic summation. The remaining deterministic part of the proof is
therefore unchanged after replacing the common law of the i.i.d. sample by . The hypotheses
needed for this part are 1 < g < ¢’ and Mq/(,uN ) < 00, both of which hold by assumption. The case
My (V) = 0 is immediate. Otherwise, scaling all variables by Mq/(,uN )~V 4 reduces the proof to

q

My (1Y) = 1. For the rescaled laws and the dyadic shells B, used there, the tail estimate is

uN(By) < c277¢

Plugging the cell and tail estimates into the dyadic bound of Fournier and Guillin, and then restoring
the original scale, gives

N-Y2 4 N—(@-a)/d if ¢ > d/2,
E(Wi (i, 1)) < OMYT (1) N7V log(1+ N) + N~W=0/d" if g = d)2,
N—49/d L N—(d'=a)/d if ¢ < dJ2.
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Since ¢ > 1, Jensen’s inequality gives

1/q
EW,(ug, V)] < (B[, ™))
which yields the stated estimate for E[W,(u®, ud)].

We now focus on the case ¢ = 1, ¢ = 2. For d > 3, the moment order two is strictly above the
critical value d/(d—1), so the preceding noncritical estimate yields (A.1). We now consider d = 1, 2.
The case My (p’Y) = 0 is immediate; otherwise, by scaling, we may assume that Ma(u’¥) = 1. Set

By := (_1; 1]d7 Bj = (_Qja Qj]d \ (_Qj_la 2j_1]d7 Jj=1, Uj 1= /’LN(Bj)‘

Since |z| > 21=1 on Bj for j > 1, we have

ZQquj < g+ 4/d lz2u® (dz) < 5.
R

j=0
The dyadic transportation bound of [13, Lemmas 5 and 6], combined with the cell estimate above,
gives

EWi (g, p™)] < C> 2784(u;),  Sa(u) == 2 " min {2u, zd‘f/?\/g},

§>0 £>0

Indeed, at level ¢ each shell is partitioned into at most 2% cells, and Cauchy—Schwarz bounds the
sum of the square roots of their masses by 2dt/2. /uj. For u € [0, 1], summation over ¢ yields

S¢(u) < C'min {u, \/Ehd(]\fu)} ) hi(t) :=1, ho(t) :=log(2+1).

Indeed, the fact that S;(u) < Cu is immediate. For d = 1, the other bound proceeds from a
geometric sum. For d = 2, take L = [$1logy(2 4+ Nu)] and split the sum at L to obtain

So(u) < (L + 1),/% +2u27F < C,/%log(Q—FNu).

Now set K = [4logy N]. On the first K + 1 shells, Cauchy-Schwarz and the summed moment
bound give

K K 1/2
> 2 u; < VK +1 (Z 22juj) < Cy/log(1+ N).
j=0 §=0

On the remaining shells, ' '
> 2du; < 27K N 2%y, <ONTYR,
J>K i>K

Since u; < 1 and hy is nondecreasing, it follows that

E[Wy(uy, i™)] < ON~1/2 (hd(N)\/log(l + N) + 1) .

This gives the factors (log(1+ N))'/2 for d = 1 and (log(1+4 N))3/? for d = 2. Restoring the original
scale proves (A.1).

We next justify the conditional form used in the common-noise arguments. Let G be a sigma-field
such that, conditionally on G, the random variables Z1, ..., Zy are independent with conditional
laws u‘f, ce ,u]g\,. Since (R?)" is Polish, the vector Z has a regular conditional distribution given G.
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By conditional independence, this distribution equals ®,]€V:1 p% almost surely. Applying the preced-
ing bounds to this product law, for almost every realisation, gives the same conditional estimates,
including (A.1), with pV replaced by N~} Z{c\le ,ug and with unchanged constants. [ |

The following lemma refines the previous result for measures on discrete path spaces.

Lemma A.2 (A dimension-uniform empirical estimate on path spaces). Let p > 2, and Z1,...,Zn
be independent Ey,-valued random variables with respective laws 1, ..., un € Po(Ep), and set

1 Y 1 Y

N N

pN == g =Y 6z,
N N

Then there is a constant Cy > 0, depending only on d, such that

E Wisop (. 1)] < Cady2 (u™)N 7050 (A.2)

2,00,p

In particular, Cq is independent of p, N, and the laws (u;)i<n-
The estimate also holds conditionally whenever the variables are conditionally independent.

Proof. We first work in RP, D > 3, with

e = 02 [yl M) 1= [ ol (da).

We shall prove that, for independent RP-valued variables Z1, ..., Zy,

EWimax (8" 1)) < OMy o (0 )NTHP, (A.3)

2,max

where C' is independent of D, N, and the individual laws. If M27max(uN ) = 0, the result is imme-
diate. Otherwise, by scaling, it suffices to consider

M27max(/,LN) = 1'
Step 1: The deterministic transport decomposition. As in [12, Section 3], set
By:=(-1,1)P,  Bj:=(=2/,2)P\ (=271, 271P  j>1.

Let Q; be the dyadic partition of By into 2P¢ cubes of side length 2'=¢. Thus Qy = {By}, the
partitions are nested, and

#Q, =2 diamm(CY) =2, C'e Q.
For C! € Qy, set A
Cf = (270%) N B, uj = ¥ (By), vj = gy (Bj).

We use the convention 0/0 = 0.
For each j, start with
tj By = U N\ vj.

Recursively, if C*t1 € Q1 and C* € Qy are such that CT! C CF, set

L Z(ﬂ((fﬁ“) u§<cf+1>>
o, .
N O 1)
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The quantity ¢; o is the mass kept together inside Cf . In particular,
N (L N~
0<tjce <p (C)) A pz (C5).
The mass separated between levels £ and £ + 1 is
Tie = o Z lic Z

C‘-’eQe C“leQHl
C[+l CCZ

Ve et
Ve e

Since the child masses sum to the parent mass,

ijg: Z tj’p— Z tj7c.

FeQy CeQpi1
Consequently, for every integer K > 1,
K-1
Z rie < uj A\ vj. (A.4)
=0

The coupling construction is the same as in [12, Proposition 3.2]. The mass 7, is transported
inside a cell of diameter at most 2/71=¢ while the mass remaining at level K is transported over a
distance at most 29715 The unmatched masses of the sets B; contribute at most > 27wy — vjl,
by the triangle inequality through the origin. Hence

Wlmax 7:“’Z Z2J|u]_v]’+222jzz Tj.t
7>0 7>0 =0
+21 KZW Uj/\’l)j). (A5)
Jj=0
No independence or identical-distribution assumption enters this construction.
Set '
pie=Elrjd,  Unv:=) 2E[lu; — vl
j=>0

Taking expectations in (A.5) gives

K-1
EWimax (0™, 1)) S Un +23 20 3" 278, + 2175 N " 2iy, (A.6)
j>0  ¢=0 Jj=0

Step 2: The probabilistic estimates. We now establish the counterparts of [12, (4.5), (4.7), and
(4.6)]:

Un < KN, (A7)

Pit <5 Z > E ] (A.8)

N
FEQe CeQui1 'u (E)
CcF
1 (2P0, 2
< _J A.
where
Ky = (2(1—u0) \/ >+]2>:12J (Quj 1/N)
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We also have, directly from (A.4),
K-1
Z pie < uj. (A.10)
=0

To prove (A.7), let A C RP be Borel, and write p; := u;(A) and p := u’V(A). Independence
gives

Eluz (4)] =P,
N

Var(ud (A)) = % sz‘(l — i)
i=1

1 1L\ (1 —p)
- (- = 2 ) < .

Together with the elementary bounds obtained from A and A€, this yields

1 1/2
B[l (4) - ¥ ()] < 220 -7 1 (BL2) (A1)

Applying this estimate to By and to Bj, j > 1, proves (A.7).
Next, we prove (A.8). Let C* € Qp and C**! € Qy;; be such that C**! ¢ C*. Since

tj,Cl < Mg(cf)a

we have N (t+1 N (l+1
M (Cj ) kg, (Cj )

WSO )

Summing over C**! C C*, then over C* € Qy, and taking expectations yields

pN(C5H
pV(CY)

e < g (cer) - W (C)

1 N (041 pN () N (L
Pit < 5 > > E[Nz(CjJr )_N(é,g):U'Z(Cj)] :
CteQy C'1eQpyy a J

ctticet

It remains to prove (A.9). This is where we replace the conditional binomial argument of [12].
For Borel sets A C B with puV(B) > 0, set

N
p (A) v
g s 3 = 1 X — 01 . .
/LN(B) {Z:€A} {Z,eB}

The variables Y; need not be individually centred, but

>_E[YVi] = N(u"(4) = 0p" (B)) = 0.

Moreover,

N
Y BV = N1 - 0" (A) + N6*(uN(B) — ™ (A))
=1

= NpN(B)o(1 —6) < N (A).

Thus independence and the Cauchy—Schwarz inequality imply

E[ju} (4) - 613 (B)]] = }VE[
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N 1/2 N 1/2
g&(?}wr(yj)) < (“ ]\(ZA)> . (A.12)

If u¥(B) = 0, both empirical masses vanish almost surely.
Applying (A.12) with A = C; and B = Fj in (A.8), we obtain

P < Z \/ M

C’GQ@+1
1/2
< #Qu41 Z u )
2\/>( CeQria

1/2
_ 1 2D(Z+1)uj
2 N '

This proves (A.9). The two variance computations above are the only probabilistic modifications
needed for independent, non-identically distributed variables.

Step 3: Summation with o dimension-uniform constant. Rather than optimise the numerical con-
stant as in [12], we sum the preceding bounds directly.
By (A.10) and (A.9),

K—1
Y 27 pje < Sp(uy),
(=0
where, for u € [0, 1],
=Y o (UA2D€+1)/2 1 [u )
>0 N
We claim that
Sp(u) < Cu~YPN~VP D >3 (A.13)

with an absolute constant C.
If Nu <1, then
Sp(u) < 2u < 2u'~YP NP,

If Nu> 1, set
logs(Nu)
L.=|—=——2~|.
{ D J

Using the square-root bound for ¢ < L and the bound by u for £ > L, we obtain

SD(u)§2D/2*1,/ Z2D/2 DEpud o

(>L

D/2—1)L lL
SWU 2(/ )—|—2

1 1-1/D a7—1/D

Here we used D > 3 and 2P < Nu < 2P(E+D | This proves (A.13). The mass-fluctuation term has
the same rate. Indeed, for D > 3,

2/D
u 1-2/D U> 1-1/D Ar—1/D
< < .
2u/\,/N_(2u) <”N < 2u N
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Therefore, since N~1/2 < N—1/D,
Ky < N7YP (1 + 2221@1/”) .
j>1

Substituting these estimates into (A.6) gives

Bt max (1, 1)) < CN~HP (1 S D)

>0

+ 2178 "2y (A.14)
720

The normalisation ngmax(uN ) = 1 implies

> 2y g4 [ fole ™ (d) < 5.
>0 RP

Holder’s inequality, with conjugate exponents D /(D — 1) and D, now yields

Z 2ju]l'71/D _ Z(zzjuj)kl/D 9—i(1-2/D)

520 720
1-1/D 1/D
(5 ")
>0 >0

é 51—1/D(1 _ 2—(D—2))—1/.D7

which is bounded uniformly in D. Note also that 3, 2/u; < oo. Letting K — oo in (A.14) then
proves, for some constant C independent of D,

E[Wl,rnaX(NNa NJZV)] < CN~YP

under the normalisation. Rescaling the variables proves (A.3).

Step 4: Path spaces and conditional estimates. Identify F, = (RY)PH! with RP, where D = d(p+1),
and define

|w|max = orgl?%(p \wi!
1<5<d

Since |w]max < |W]oop < \/3|w]max, we have:
Wl,oo,p(yv V/) < \/gwl,ma)((l/v I//), MQ,max(V) < MQ,oo,p(V)*

Since p > 2 implies D > 3, (A.3) gives (A.2), with Cy = CV/d.
Finally, suppose that 71, ..., Zy are independent conditionally on a sigma-field G. Let uig be
their regular conditional laws and set

1 N
7g = — g.
7 N i:EI/J,Z

The conditional law of (Z1, ..., Zy) is ®i]\;1 ,uz-g almost surely. Applying the preceding deterministic-
law estimate to this product law gives

E[Wioop(i, 1) | G] < Cabty/2 (5 N~/140+1),

with the same constant. This proves the conditional assertion. |
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B Proofs for the explicit path-dependent example

B.1 Optimal feedback and convergence rate

We use the model and notation of Section 2.5. We prove Proposition 2.5.

Proof. First, consider any admissible feedback policy, and couple its controlled paths with paths
under a* using identical initial states and innovations &, ;. Put §;, := aj, — ¢,(X{,,) along the
arbitrary controlled path. By the definition of R, the corresponding residual paths are

R(X(y) = (20,6 + 00, 5+ 8,1),  R(Xgp) = (20,61, &)
The coupling by particle index and (2.20) give, pathwise, writing mg(X) =Ny, 5R(X8 )
p

N
Hp(miyx)) > Hp(my x.) — N iilofggfp |07,

Since p > A and max, |65| < 3", |64, the reward of the arbitrary policy is no larger than that of a*
for each realisation. This establishes optimality even when every action depends on the full particle
history. In the mean-field problem, coupling the two residual laws by the common initial state
and innovations gives Wi oo p(Ry L(X§.,), R4 L(X(,,)) < E[maxy, [a, — ¢n(Xon)[]; the same penalty
comparison proves mean-field optimality. Both arguments apply from any intermediate stopped
path.

Under the optimal feedback, every future residual coordinate equals its innovation. The map
R is Lipschitz on stopped paths with constant at most 1 + sup,, Lip(By,) + sup,, Lip(¢,). Coupling
two initial stopped-path laws and then using the same future innovations therefore shows that
all V,, have a common W o ,-Lipschitz constant, independent of p. Moreover, |Xp41] < 1+
A + sup,, || Bnllc under every policy, so the second-moment condition of Assumption 2.3(ii) holds
uniformly in p. Finally, the explicit optimal-policy formula and (2.20) make V¥ continuous in its
initial configuration. This verifies Assumption 2.3.

For the specified x, optimality gives Vo(mL) = —AHp(vy) and Vi () = —AE[Hp(Py)]. Con-
vexity of Hp and EUy = Uy prove the last inequality in (2.24). For the upper bound, write
Se(v, V") == gco, | [ Y. d(v — v')|. The triangle inequality and the definition of Hp give

AN(p)/)\ S Esup Sq(/V\N, Z7N) S ZESq(l//\Nﬂ;N)-
qES QES

At resolution ¢, put h = 1/q and K = h~P. Conditional on any fixed initial midpoint, the future
coordinates are uniform, and integration of the minimum of their distances to the cell boundary
gives
h 2 h? i i
E Z ¢Q7Q(ZZ) < ﬁ, E Z wq,Q(Zz) < 2D(D+1)7 Z’i:(mhgla'-'aép)'
QeQq QeQ,

Using independence and Cauchy—Schwarz for the K centred cell sums, and alternatively bounding
their absolute values by the sums of their nonnegative terms, yields

qD/Zfl 1
ES, (9w, o) < mm{ } |

°9D(D + )N’ Dgq

Write a = D/2—1 > 0 and jo = |(logy N)/D|. There are at most four distinct ¢ € S in each octave
[27,29%1). For j < jo, bound ¢® by 20+1D% and sum the first term geometrically. For j > jo, bound
¢! by 277 and sum the second term. Since 270 < NP < 240+1 this gives the conservative bound

An(p) < ACEPseN—1/D, (B.1)
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Both terms in the definition of C%ense decrease with D > 3, so C’%ense < C’gense, proving the stated
uniformity in p.
For the lower bound, the midpoint coupling of m% with U[0, 1] and identical future innovations

gives
1

< —.
~ 4N
Choose j = [(logy N)/D] and the admissible dyadic resolution ¢ = 2/ € S. With h = 1/q,
N_I/D/Q < h < NP and NhP < 1. Each cube of Q, contains at most Nh+1 of the fixed initial
positions in its first coordinate. For any one such cube, the probability that none of its eligible

particles has all D — 1 innovation coordinates in the cube is at least (1 — RP~1)N+1 In fact, with
u = hP~1 < 1/4, we have (Nh + 1)u < NhP + pP~1 < 5/4 and hence

—Uu

Hp(rn) < Wi 0op(Pn,Up) (B.2)

Every empty cube contributes h”*1/[2(D +1)] to Hp(Px) by (2.21). Summing over the A~ cubes
yields

EHp(y) > s (1 — D=1V > e
~—2(D+1) ~4(D+1)
Subtracting (B.2) and using N'=1/P > 2(D+1)e%? proves the stated lower bound for D = p+1 > 3.

B.2 Finite-sample bounds

We retain the notation of Proposition 2.5. In particular, D = p+ 1, z; = (i — 3)/N, and Z; =
(xiaé.%v s 7511'))7 so that vy = N1 Zz]\il 6Zi'

Corollary B.1 (Finite-sample bounds). Write S = {q1 < g2 < ---} and fix integers M > 2 and
R>1. Forq>2, setag=|N/q|, ¢ = N —aqq, and

_ (a1 =g )% +ry(1 — g P)%"! _ Fplg) 1
Also define
D/2-1 1 1/2+1/[2(D 4 1)]
. q
b = —_— — 5, = .
v(g) = min { /2D(D + )N Dq} ™ Gt

Forqe S, set By := q_(D+1)/[2(D +1)]. For 0 <t < B, define
wot) == (g7 = 2Nt)e,  Gglt) == (1 — wy(t)P~H) VPO,

Using R equally spaced deficit thresholds, define the finite sum

i@ = 3G (%2): @ = minfoy(@). uvn@}.  (B3)
N,R\4q '_(D+1)qu:1 N,q R ) N,R\4q) ‘= N\q),UN,R\q) - .

For the fluctuation bound, set

1 D+1

NaTop(D+ 1)Ng N 2DNg
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and, for s >0, put

i 52 UN.g ; se
KNg(S) = min {W7 C%V:Z (6 N — 1 — SCN,(]) . (B4)
Then, writing
1 M -
Un.m,g(s) = B log | €™ + ZGXP {SbN,R(CIj) + KN,(]j(S)} ) (B.5)
j=1
for every N > 1 and p > 2 we have
A max {0, S eN,p(‘]j)} < An(p) < A Uy arr(s). (B.6)

The choices of M, R and s affect only the evaluation of these bounds; the payoff still uses every
resolution in S. Any fized s > 0 in (B.5) gives a valid upper bound.

Proof. Lower bound. At a fixed resolution ¢, write Yo = [, dUn and b = [1,0dUp. The

identity
Y Yo—bl=) (Yo-b)+2) (b—Yo)s
Q Q Q

and ’ZQ E(Yg — b)’ < Hp(vy) give
An(p)/A > 2bE[number of empty cubes| — 2Hp(vn).

Exactly r, first-coordinate cells contain a, + 1 initial midpoints, and the remaining ¢ — 7, contain
aq. Conditional on eligibility in such a cell, each particle chooses any specified future-coordinate
cell with probability ¢7P. Thus Fi p(q) is the expected fraction of empty cubes. Substituting the
tent integral and (B.2) proves the lower bound.

Expected discrepancy at a fived resolution. Put Aq = Y gco, | [0 d([Un — Up)| and X, =
A, — Hp(vn). The proof of Proposition 2.5 gives EX, < by(q), since X, < Sq¢(Vn,vn). To obtain
a second bound on this mean, use the identity above with b = 3,. For a threshold 0 < t < 3,
with wg(t) > 0, a particle in the concentric subcube of @ of side wy(t) satisfies 14 o(Z;) > Nt. Its
contribution alone makes Yo > ¢. Hence Yy < t requires this central subcube to be empty. Its
first-coordinate interval contains at least (Nwg(t) — 1)y initial midpoints. Each eligible particle
independently places its D — 1 future coordinates in the central intervals with probability wq(t)D -1
Therefore P(Yg < t) < Gy 4(t). If wy(t) = 0, this inequality follows from Gy 4(t) = 1.

The deficit is the integral of its threshold indicators. Since Gy, is nondecreasing, the right
Riemann sum bounds this integral from above:

E(By = YQ)+ Z/Oﬁq P(Yg < t)dt < /Oﬁq Gg(t) %f:l (Tﬂq)

Summing over all ¢” cubes and using >0 E(Yg — By) < Hp(vn) gives EX; < un r(q), and hence
EX, < 5N7 r(q). Every finite R gives a valid upper bound; R = 1 charges the full deficit whenever
the smallest central subcube is empty. The finite sums converge to the integral as R — co. Their
excess over 2q7 [ G 4(t) dt is at most 1/[(D + 1)qR).

Fluctuations at a fived resolution. Replacing one independent residual sample changes X, by at
most 1/(Ngq): the old and new points each contribute to at most one tent, of height at most 1/(2q).
The bounded-differences exponential-moment estimate therefore gives, for s > 0,

Ees(Xa—EXq) < ,52/(8NG?)
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We also retain the smaller second moments of the tent contributions. Let h = 1/q and T; :=
220 ¥q.@(Z;). A point contributes to at most one tent, so 0 < T; < h/2. Uniformity of the D — 1
future coordinates gives P(T; > t) < (1 — 2qt)P~! for 0 < t < h/2. Integrating this tail, and then

its product with 2t, yields
BT, < ET? < id
‘= 2D’ © = 2D(D+1)
To use these moments for the nonlinear quantity A,, reveal the independent samples one at a
time. Write G; := o(Z1,...,Z;), with Gy trivial, and

(B.7)

di :=E[Aq | Gi] — E[Ag | Gi-1].

Remove the ith atom without changing the denominator N, defining

1
N Z wq,Q(Zj) - ﬁq
J#i

>

Q

The triangle inequality gives \Aq—Aé_l)\ < T;/N. Independence gives E[A(q_z) | Gi] = E[Ag_l) | Gi—1].
Thus g; == E[4, — A((fl) | Gi] satisfies d; = g; — E[g; | Gi—1] and |g;| < T;/N. The conditional second
moment of d; is the conditional variance of g;, which is bounded by E[¢? | G;_1]. Independence of
Z; from G;_; and (B.7) therefore imply

ET?
N2

UN,q

7 <h/2+IETz~<
N

Bl G, 1) < < MREER

<

di CN,q-

For x < cand s,c > 0,
2

T
e <1+ sz + —(e*—1-sc),
c

as follows from %% —1—sx = 5222 fol (1—u)e®™™ du. Apply this inequality conditionally to the centred
increments d;, using the preceding bounds on d; and its conditional second moment. Iterating over
i and using ) ; d; = X, — EX| yields

s(Xq—EXq) < Ué\f,q (escN,q
‘N

log Ee —1—senyg).

Together with the bounded-differences estimate, this gives Ee5(Xa—EXa) < oKnq(s),

Mazimum over resolutions. Since A, < [1/2 4+ 1/(2(D + 1))]/q, all resolutions beyond g/
contribute at most 7. Applying the exponential-moment bound to X, ..., Xy,, and the constant
Ty yields

M
1
Emax(Xg,,...,Xq,,, ™) < —log (eSTM + ZE@SX‘IJ') < Unwm,R(S)-
s ,
J=1
The first inequality follows by bounding the exponential of the maximum by the sum of exponentials
and applying Jensen’s inequality to the logarithm. It requires no independence across resolutions.

This maximum bounds Ay (p)/\ in expectation. Taking the infimum over s > 0 proves the upper
bound. -

The bounds have a direct occupancy interpretation. At a fixed resolution, the identity in the
proof counts the empty-cell deficits twice: in expectation, their missing mass is accompanied by
excess mass in other cells, up to the deterministic midpoint-law correction. The lower bound omits
the deficits of occupied cells whose tent mass is below 3;, and the possible gain from choosing the
resolution separately for each cloud. When the mean count per cell N/¢” is small, most cells are
empty, and a single particle away from the cell faces already supplies the target tent mass. At
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threshold ¢, the central subcube removes a strip of width Nt along each face. Integrating over
thresholds measures the size of a possible deficit, rather than charging its full size whenever the
smallest central subcube is empty. Several small particle contributions can also add up to the target
mass; the upper bound remains conservative because it only uses the certificate supplied by one
particle.

The fluctuation estimate improves for a different reason. The largest possible tent height is h/2,
but a typical point in a high-dimensional cube is close to at least one face. The uniform future
coordinates give moment bounds of order h/D and h?/D?. The martingale argument transfers these
moments to the discrepancy even though it is a nonlinear function of all particles. Thus the upper
bound need not charge typical clouds for the largest possible change of one particle. These moments
are analytic model bounds, independent of the Monte Carlo estimates. This improvement matters
especially at small N: fluctuations are bounded at an N~1/2 scale for each fixed resolution, faster
than the principal N~/ gap. Competition between resolutions can still contribute, and neither
refinement asserts equality of the bounds and the value gap.

C Uniform time discretisation for path-dependent particle control

We use the setting and notation of Sections 3.1 and 3.2. This appendix establishes a time-
discretisation estimate, uniform in N, for the particle problem (3.5) and its Euler approximation
(3.10). The argument adapts that of Bokanowski et al. [3] to the N-particle framework, using the
Filippov convexity condition in Assumption 3.1, without requiring time regularity of an optimal
control.

Write FV = (F}N);<r for the augmented joint Brownian filtration underlying Ay in Section 3.1.
For a fixed initial configuration € (R%)Y, denote by JV(x,a) and JV™(x,a™) the expected
rewards inside the suprema in (3.5) and (3.10) at n = 0, respectively. For a continuous path w, we
use the shorthand £ (w) := lr k(W - - -, wy, ) for the interpolation map of Section 3.2.

Lemma C.1 (Uniform time-discretisation error). Let Assumption 3.1 hold. Then there is a constant
C >0, depending only on T, d and L, such that, for every N > 1, every uniform grid = with |r| <1,
and every x € (RN,

Ve (@) = U™ (@)] < C(1+md (@) ||/, (C.1)

In particular, the constant is independent of the number of particles.

Proof. Throughout the proof, C' denotes a constant which may change from line to line but is
independent of N, 7, and the controls. The empirical coupling estimate (3.1), together with the
linear growth implied by Assumption 3.1 and standard SDE and Euler estimates, yields

1 X , 1 X o
sup — > E X2 |+ sup — > E [0 (X™)2 | < C(1 4+ md (x)). C.2
P SB[ s B3R [0 <O m(@). (©2)

Due to the normalisation in md’ and to (3.1), the constant C' is indeed independent of N.
Step 1: From a continuous-time control to a grid control. Fix a € An and write X := X*. For
every k < p and ¢ € [N]*, set

wh, = L (X5, Wi = (Why -+, Wh

Define the .7-'{;7 -measurable random variables

, 1
B, = E{

Bt i i N i 1
] /t b, (Wi e, ag)dt | Fy |, Fpi= —E

k

bot i i N
/ ftk(wk,mk,at)dt‘ftk] .

tg

39



For fixed (tg,w?t, mg), the random vector (b, (wi,mg,al), fi, (wi,my,al)) takes its values in the
closed convex set K(tg,wi,my) by Assumption 3.1 (iv). Its time average belongs to this set by
convexity, and its conditional expectation given ]:t]Z still belongs to it because this random closed
convex set is fg: -measurable. After fixing .7-',5];[ -measurable versions of B,ic and F ,i, define

. A 12 A . 2
®l(a) == ‘btk(wfg,mk,a) - B,ﬁ;‘ + (F,z - ftk(w}‘g,mk,a))Jr, acA.

The map (w,a) — ®i(w,a) is ftJZ ® B(A)-measurable and is continuous in a. Moreover, the
preceding inclusion in K(tg,w}, my) implies that minges % (a) = 0 almost surely. Hence, by the

measurable maximum theorem [1, Theorem 18.19, p. 605], there exists an .7-"5;7 -measurable minimiser

*Z "™ Therefore,

Bli = btk (wlic’ mk‘vazlf;:r)a in < ftk (wg,mk’a;}j)' (C'?’)

Applying this construction separately to each particle gives a grid control @™ € A%;. This coordin-
atewise construction is possible because the interaction involves only the empirical distribution of
the state paths, which is frozen at time ¢ in (C.3).

Let

™

X =X = (X7 XN

be the Euler scheme (3.9) driven by @™. We also introduce its continuous Euler-Maruyama inter-
polation. For t € [t,tg11], set

)?tiﬂr = ij;:r + btk (wﬁvmkaai;cw)(t - tk’) + Oty (w}wmk)(WtZ - thk)v
where
(ﬂ 7r) _

, Wy = (w,lc,...,w,iv), g = mL

Wk —gwk W *

Then X LT X " for every k. Moreover, on each interval [ty, tx11], the difference between X and
the afﬁne mterpolatlon of the Euler values is a Brownian bridge multiplied by the frozen diffusion
coefficient. It follows from (C.2) that

N .
supE [m (X7 — £-(X ")) + % SE[IX7 — (X)) < C(1 4 md (@) . (C.4)

t<T
We next compare X and XT™. Put
er = |md (X, — X7)|,  kelp]

The standard increment estimates and the definition of the affine interpolation imply

sup B [mb (X, — Xy,) +md (X7 — X7)| < C(1+mb (@))|], (C.5)
te[tk:thrl]
—ZEUXW wil3] < C(1+md @))ln], (C.6)

— ZE [|wk } <C (ek + |r| Z@) (C.7)

=0

The term ey in the last display comes from the constant extension of the stopped paths after ¢y,
while the sum controls their difference on the previous grid intervals.
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For t € [ty, tpy1], set 0X7 := X* — X" We decompose the drift difference as
8, = Tliv,t + Blic,t + g},

where

i Lo N i i i i i i i i,
Tkt = bt <X~/\tva.Atvat) - btk (wkvmk’at)’ Bk‘,t = btk (wkamk7at) - btk(wk7mkvatk )a

qlic = btk (w;@? mkﬂai;:r) - btk (w};?mkva@j)‘
By (C.3),
thtr1 . N
tg
The diffusion difference is
(50’% = 0y (XZ/’\?,mf)V(At> — Utk(wi,mk),

and is decomposed through the intermediate point (tk,w,i, mg).

Applying Itd’s formula to |§X}|?, summing over i, and dividing by N gives

9 N k1 , . 1 Y bt 112
et = ek—i—N;E/tk 5X2-6bzdt+N;E/tk |30 Bt

Assumption 3.1, (3.1), and (C.6)— (C.7) give, uniformly for t € [tg, tgt1],
1 i 2 N 1/2
N2E [I742] < C 4 mb (@) x[2,

1 N ) k
S X E[ldl|<c (ew |w|zeg> ,
=1

=0

1 N : k
5 L E|léoill3] <C ((1 +my () |x["/? + ex + || Zee) :
=1 =0

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

Indeed, the squared time increment in the first and third estimates is |t — tkll/ 2 while the remaining

terms are controlled by the L? path projection estimates above.
For the term containing £} ,, write

§X{ =6X[ + (6X{—0X}).

The contribution of the first term vanishes by (C.8), since 5ng is ffz -measurable. For the second

one, Cauchy—Schwarz, (C.5), and the linear growth of b yield
2 ¥ et i i N 3/2
NZE/tk (O} = X} - Biydt| < C(1+md (@) |2,
i=1
Young’s inequality, (C.5), (C.10), and (C.11) give
9 N

trt1 . ) )
S SE X oy + )t < Clmler + C(1 4+ mb ) 2
i=1 'tk

k
+ O|7‘d’|2 Z €y.
=0
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Finally, integrating (C.12) over the interval gives the same right-hand side for the diffusion contri-
bution in (C.9). Combining these estimates, we obtain

k
i1 < (14 Cln)ey + C(1+m) (@) |n*/2 + Clr2 S er. (C.16)
/=0

For completeness, the exponent 3/2 comes from the time regularity |t — t|'/* after squaring and

integrating over an interval of length |7|; the same order also bounds the product of the centred
drift residual with the state increment on the interval.
Let € := maxo</<jes. Since |7| Z?:o ey < Teg, the discrete Gronwall inequality applied to
(C.16) gives
<CO(l+m) 12, C.17
JBAX e, < (1+my (x))|r| (C.17)

Combining (C.5), (C.4), and (C.17), we conclude that

~T 1 N e ~1,T
upE [ (X, — £:(X7)0)| + 7 LB [1X — (X (C.18)
< C(1+md (z))|x|/2 (C.19)

We now compare the rewards. On each interval [ty, tx11], decompose
47 N 3 7. vy 7'7 '7 N ] ; )
o (X58mAad) = fu @k e @yl =[ £ (X55,mY . 0f) = fu (@l mas o)
[ fou ks mns ) = fo (s i @)
| fou homn, @) = fi, @k @)

By (C.3), the expectation of the time integral of the middle term is nonpositive. The first and
third terms are bounded by global Lipschitz continuity in Assumption 3.1, (3.1), the reconstruction
estimates, and (C.18). In particular, their integrated expected absolute values are bounded by
C(1 4+ mb (x))'/2|x|'/%. We retain the coarser factor 1 +mJ () in the statement. Hence

L& T o N i
ElNZZl | (x5 mi ) dt] (C.20)
1 N p—1 . )
<E |5 20> fu @ me @l | + C(1+m (@)1,
1=1 k=0

For the terminal reward, the first-order coupling gives explicitly

LN ' ' 1/2
E [Jgm¥.) — g(m) =[] < L (N S E[X - @(Y””)@}) -
=1

Together with (C.18), this yields

E [|g(m¥) = g(m) &=)|] < C(1+md @))|x]"/*. (C.21)
Combining (C.20) and (C.21) yields

TN (@, 00) < IV (@, @) + C(1+my () |x]/*.
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Taking the supremum over o € Ay gives
Vi¥ (@) < Up (@) + C(1+m3 () [ /*. (C.22)

Step 2: From a grid control to a continuous-time control. Fix o™ € Ay C An. Let X be
the solution of (3.4) under this control and write X™ := X™®" for the Euler scheme (3.9). The
preceding state comparison can be repeated with the same control in the two systems. The centred
residual ,BZJ is then absent, so the argument is in fact simpler, and it gives

N
s [md (X, = (X0 + 3y 3B Xt

< C(1+my (2))|n|'?,
uniformly over a” € A%.. The same running and terminal reward estimates, now used in absolute

value, imply
TN (@, a") < TN (@, a") + C(1 +my (@))|x[V*.

Taking the supremum over the grid controls gives
Up (@) < V5" (@) + C (1 + m () x|/ (C.23)
The conclusion follows from (C.22) and (C.23). [ ]

Corollary C.2 (Mean field time-discretisation error). Under Assumption 3.1, the open-loop mean
field values in (3.3) and (3.8) satisfy

Vo(u) = UG ()] < C(1+ma(p)P|xV4, pe Pa(RY),
with a constant independent of the grid.

Proof. The |r|'/* estimate is precisely the mean field Euler approximation result of [3, Theorem 3.6].
Their theorem is stated for a fixed initial law, so we only record the dependence on that law which is
needed below. Under the globally Lipschitz assumptions used here, the moment estimates entering
their proof give, uniformly over admissible controls,

E[[X1Z] +E[[€(XT)Z] < C(1 + ma()).

Keeping this factor in their state-comparison argument yields a quadratic approximation error
bounded by
C(1 + ma()) |2

Since our running and terminal rewards are globally Lipschitz for | - |2 and W) o, respectively, and
Wi 2 < Wa g, the reward comparison obtained by Cauchy—Schwarz is bounded by

C(1+ma ()2 ||/,

Combining the two comparison inequalities established in [3, Theorem 3.6] provides the claimed
estimate. ]

Remark C.3. (i) The values in Lemma C.1 use open-loop controls. Their identification with
particle path feedbacks is given in Proposition D.1. On the mean field side, the corresponding
feedbacks select probability measures on A; ordinary deterministic A-valued feedbacks are not
identified with the open-loop class. This distinction does not enter the uniform-in-N time-
discretisation estimate.
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(ii) Corollary C.2 is the specialisation of [3, Theorem 3.6] needed here. The short argument
following the statement only makes explicit the dependence of the constant on the initial second
moment; no passage to the limit in the particle problem is used.

(iii) The fact that o is not controlled is essential for the simple convexity condition (3.6). The
diffusion may nevertheless depend on time, on the stopped state path, and on its empirical
distribution. If the diffusion were controlled, the Filippov condition and the projection argu-
ment would have to incorporate the covariance generated by the control.

D Proof of Lemma 3.2

Throughout this appendix, Assumption 3.1 holds, there is no common noise, and all mean field
laws are unconditional. We use the open-loop information structure specified in Section 3.1. In
particular, an independent private random seed is available at the initial date.

The plan of the proof is the following:

1. We define randomised counterparts to the discrete time problems (3.8) and (3.10).
2. We show that the value functions of the non-randomised and randomised problems are equal.

3. We show that Theorem 2.4 applies to the value functions of the randomised problems.

D.1 The two randomised control problems

For k € [p] and n € P1(Ey), write
pe(n) = (lr)gn € Pr(X),  Q:=P(A).
The space Q is equipped with the weak topology and is compact. Fix a Borel sampling map
S:Qx[0,1] — A, S(¢,U) ~q when U ~ Unif]0, 1].

Such a map exists for a standard Borel action space. For w € Ey, n € P1(E}), a € A and z € R?,
set
Fl?(wa n,a, Z) = wg + |7T| btk (Eﬂ,kwv pk(n)> (l) =+ Oty (Emkwa Pk(n))z (Dl)

The concatenation (w, F (w,n, a, 2)) belongs to Ey1. Gaussian increments below have law A :=

N (0, |7T ‘Id).

The mean field problem. For an initial date n, the admissible randomised feedback policies are
Qr = {q = (qu)?_) < g - By, x P1(Ey) — Q is Borel measurable} :

Thus, a feedback control is a function of both the path and its law. Fix m € Pi(E,) and q € QF.
Assuming (€2, P) is large enough, consider an E,,-valued random variable H,, such that Po H, ! = m,
as well as mutually independent pairs (Zy11,Ukt1), k = n,...,p — 1, with distribution A7 ®
Unif[0, 1], independent of H,,. We then define the dynamics (H)g=p, ... p:

Nk == £(Hk)> Qk =gk Hkvnk)a ap ‘= S(Qk7 Uk+1)7

: (D.2)
Hk-i—l = (HkaFk (Hkvnk:aak’azk-i-l))v M = M.

The processes H and () are adapted to the filtration F= (]?k)k:n,...7p:



The reward and value of this problem are then defined by:

p—1
Jr(m,q) :=E||x| Z/Aftk(fw,kﬂkmk(nk),a)Qk(da) + 9(pp(1p)),
k=n

(D.3)
U (m) := sup Jj(m,q).
q€eN]
The particle problem. For N > 1, define

QN = {qN = (q,iv)z;}l cqr : EY — QY is Borel measurable}.

Given w € EY and qVV € Q)7 take pairs (Z,iH,U,iH) with law Aj;| ® Unif[0, 1], independent
across particles and dates, and define

Hy—w. (@b @) = ¥ (HL), df = S(@ UL,

i i g N i i (D.4)
Hyyy i= (Hy, F (Hp, g, > ag, Ziy1))s
with i € [N]*. We define the filtration FN := (]?év)k:n 77777 »
FY :za((Z;:,U;) 1<i< N, n<j<k).
Both processes H and k — (Q%, ..., Q) are FN-adapted; the uniforms (U} 1)i<n are then revealed
before the Gaussian increments (Z}_;)i<y. We then define the reward and value function:
- [ , .
Jo T (w.aV) =B 5> >0 /Aftk (Cr i H, pr(13r,): 0) Qi (da) + g(pp(131,)) | 5
i=1k=n (D.5)
U™ (w) = sup  JT(w,q).
aNeQy"
D.2 Equality of the value functions
Proposition D.1. For every n € [p|, m € P1(E,), N >1 and w € EY,
Un(m) =Ug(m), U (w) = U™ (w). (D.6)
Proof. Mean field problem. For n € P1(Ey), denote
Tk(n) = {/\ € P1(E x A) : (prg, )4\ = 77} .
Here prg, : B X A — Ej, prg, (w,a) = w, is the history projection. For A € I'y(n), define
\IIZ()‘) = / / 5(w,Fg(w,n,a,z)) Ah(dz) )‘(dwv da))
Ek xA JR4 (D?)
O =l [ fo o, (), 0) Ald, da)
EkXA
The dynamic programming principle for the open-loop problem reads
Ui(n) = sup {ri(A) + U (YE(N)}, (D.8)

XeDk(n)

with terminal condition UJ (1) = g(pp(n)). Indeed, any of determines

Xi=Po (Hy,af) ' €Ty(n), n=PoH."
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Conversely, let A € T'x(n) and write, by disintegration,
AMdw, da) = n(dw) q(w, da).

Let Uk41 be a uniform random variable, independent of the current history Hj, and measurable
with respect to the private random seed available in the filtration F. Define

g, = S(q(Hg), Ugt1)-

Since Hj and the private seed are available at time t;, af is an admissible open-loop action.
Moreover,

-1

Po (a?—k ‘ Hk) - Q(Hku ')7

and therefore
L(Hy, ) (dw, da) = n(dw) q(w, da) = A(dw, da).

Thus every A € T'x(n) can be realised by an admissible open-loop action. This establishes (D.8).
Now, the dynamic programming principle for the randomised problem provides:

Of(n) = sup {|7r| S (s, puto). ot da) ()

¢:Er—P(A
+ 0741 (VF (n(dw)q(w, da)))},

where the supremum is over Borel kernels. By disintegration,
{n(dw)q(w,da) : q : E — P(A) is Borel-measurable} = T’ (n).

Hence (D.8) and (D.9) have the same Bellman operator. Since their terminal values coincide,
backward induction gives

Ui(n) =Ug(m),  k=mn,....p.

N —particle problem. We argue by backward induction. At time p, both values are equal to
g(pp(ml)). Assume that
U1 = Ugi1

N

1 =mY, and, for a = (a1,...,an) € AV and z = (21,...,2x) €

Fixw = (w!,...,w") € BY set nV
(RN define
: . N
w»® = ((wZ,Fﬂ(wZ,nN,ai,zi))) )
i=1
By the classical dynamic programming principle for the finite-dimensional particle problem,

Up ™ (w) = sup{ thk eew’s pe (), +/ U (@) A%N(dz)}. (D.10)

On the other hand, the randomised Bellman equation gives

N | Al .
N,w 7
U, " (w) = SUP) /AN [N ;:1 ft, (U gw apk<77N)7ai)

geP(A)N

L U )| @),
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where we used the induction hypothesis. Since the average of the integrand cannot exceed its
supremum,

N
sup | ®(a) @) q'(da;) < sup @(a).
=1

qeP(A)N JA acAN
Conversely, for every a = (a1, ...,ay) € AY, choosing ¢' = 0q; yields the reverse inequality. Hence
sup q'(da;) = sup ®(a).
qeP(A)N AN ® acAN

Together with (D.10), this yields
TN, N,
Up " (w) = U " (w),

and the conclusion follows by backward induction.

|
D.3 Uniform regularity and moment estimates
Recall that Wi o 5, is induced by |- |so,n on Ej,. The interpolation maps satisfy
[l — x| < |w — w'loom, Wia(pn(m), pu(m’)) < VT Wi con(m,m’). (D.11)

These bounds are uniform in the number of dates; no inverse estimate from the L? path norm to
the uniform norm is needed.

Lemma D.2. There exists a constant C, independent of n, N and m, such that:

|UZ(m) — UF(m)] < CWi oo n(m,m’), for all m,m’ € Py(E,), (D.12)
and
L 1/2
UNT(w) = UN™ (W) < C <N z; ) for all w,w' € EN. (D.13)

We also have the estimate:

1Y :
sup — ZE{\X.“T’O‘ gop} + sup ZE |HYZ, ) < C(1+m) Mw)), (D.14)
areay N = 7 avealm N

where X™% is defined by (3.9) and H by (D.4).

Proof. We first establish (D.12). Fix m,m’ € P1(E,) and 7 € II(m,m’). By richness of the initial
sigma-field G, we may assume without loss of generality that there exist G-measurable random
variables ¢, ¢’ such that Po (£,&')~! = ~, with G independent of the Brownian motion. For a given
a € A", we then denote by X and X’ the dynamics (3.7) controlled by « and starting from £ and
&', respectively. Then, for k > n, set

Ry = uax [X7 = XTI, e i=EIRi)

and
dk = Wl,2 (['(gw,k(Xw))?’C(fﬂ,k(Xlﬂr))) .

Since (X7,..., X[ )=¢and (X[",...,X;") =¢,
€n = EH& - f/’oo,n] = D’Y'
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Using the coupling given by the two processes themselves,
dp < Bl[lrp(X™) = lrp(X"T)]2] < VT ey

Since the two systems use the same open-loop control, their actions coincide at every grid date.
Hence, writing

Sby, = by, (ﬁmk(X“), L(lr x(X™)), a;;) — by, (zmk(x’ﬂf), L(Lr (X)), a;fk) ,
00 = 04y, (br i (XT), LU 1 (X)) = 01, (b o (X"7), L(Er 1 (X))

the Lipschitz assumptions give

(0bk| + 00kl < C(Ri + d)-

For k > n,
k—1 k—1
X =X ==& th)y 0bj+ ) 00 AW
j=n j=n

Therefore, by the Burkholder—Davis—Gundy inequality,
k-1 -1\ Y2 1\ V2
ek <Dy +ChY e +CE||h)Y R} +ChY e .
j=n j=n j=n

Since R; < Ry and e; < e, for j < k, Young’s inequality and the monotonicity of j + e; give, for
every 6 > 0,

k-1 1/2 -1
9
E h;:anj < ey + 9§:ej,

k-1 1/2 p k-l
Z 2 Z
hj:nej Seek—i-@ , €.
Choosing 6 sufficiently small and absorbing the corresponding terms into the left-hand side yields

k—1
er < 2D7+ChZej.
j=n

The discrete Gronwall inequality therefore provides

E[max | X7 Xt’;j@ < CD,, (D.15)

0<k<p

where C is independent of the grid, the initial date, and the control. Then, the Lipschitz assumptions
on f and g yield

|J7 (m, ™) — J7(m!, o)

= Lhz ( [ (XT) = Lr (X2 }+dk> + Ld,.

Using dj, < VT e; and
[ i (XT) — L o (X"T)]2 < VT Ry,
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together with (D.15), we obtain
|JE(m, ™) — JF(m!,a™)| < CD,.
The estimate is uniform in ™, hence
Uz (m) = Uy (m')] < CD,.
Taking the infimum over v € II(m,m’) gives
Uz (m) = Uy (m')] < CWi00,n(m,m).

To prove (D.13), we use the same open-loop vector of controls and the same Brownian motions
in both particle systems. The coupling with matching particle labels gives

N
1 . )
WE2 (M xmy s x0m)) < 5 2 W (XFT) = (XT3
=1

Componentwise martingale estimates followed by averaging and Gronwall yield

cX
1, 17,1 Nt |2
— E E{Or%?z: X" — Xy, } < N;:l |w® — (W)

Comparing the rewards and taking suprema over controls proves (D.13).
We now prove (D.14). We give the details for X™%; the case of H is handled similarly. Fix
a™ € A} and, for k > n, set
M E X’L , T, :|
Z i X

In particular,M,, = m{ (w). For brevity, write

by 1= by (Lap(XF™),mlY | xmay T )
O’i = Utk (EW’]C(Xi’W’a),mg\_’k(xﬂ',a)) .
The Lipschitz assumptions imply the uniform linear growth estimate

B + loklE < € (14 16X + W o (mi | (xme) 80) ) -

Now
i,moy 2 1,7,00| 2
[l o (X)) |5 < Torgjz.gk |th %
while
| N A 2 N
o e 0) = (3 2 ek a7
i=1 i—1
Consequently,
= ZE[Ib ? + lokll3] < 0+ My). (D.16)

For n < ¢ <k, the Euler recursion gives

-1 -1
X =wy +h o+ Y oAV
Jj=n Jj=n

49



Hence, by Cauchy—Schwarz for the drift sum and the discrete martingale maximal inequality for
the stochastic sum,

k=l | N ‘ }
My < Cmd (@) + Ch Y+ S B[ + o}

j=n"" i=1
k—1

< C(1+my (W) +Ch>_ M;,
j=n

where we used (D.16) and h(k —n) < T. Discrete Gronwall therefore yields

1 X .
sup ZE[[X?’“’O‘@QP] <C(1+ mév(w))
i=1

ame A%,

D.4 Derivation of the particle rate

We now put the explicitly defined randomised problems into the framework of Theorem 2.4. The
action space is Q = P(A) and the idiosyncratic noise is (Zxy1, Uk+1), with law A\j, ® Unif[0, 1]. There
is no common noise. For v € P1(E) x Q), denote its history marginal by vg, and define

~

FI?(WJ/»(L (Z,U)) = F}Zr(WaVEkaS(QaU);Z)

(D.17)
=wg + h btk (&r,kwa Pk(VEk), S(Q) u)) + Oty (eﬂ’,k’w7 pk’(VEk))z7

fi(w,v,q) = h/Aftk (br s, pe(vE,), a)q(da), g™ (n) == g(pp(n))- (D.18)

For the mean field system, vy, = L£(H}, Qy); for the particle system, v = N~13, 5(H;-€’Q2). Their
history marginals are precisely 7, and ,uﬁk. Thus these transition and reward maps define exactly
the two values in (D.3) and (D.5). By Proposition D.1 and Lemma D.2, these values satisfy
Assumption 2.3: the mean field values are uniformly Lipschitz on P;(E,), the particle values are
continuous, and the particle second-moment bound is uniform in the grid. Theorem 2.4 therefore
gives

0o ™ (@) = U§ (mg)| < C(1+m3(x)) p N~ /14,

Finally, (D.6) proves (3.11), completing the proof of Lemma 3.2.
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